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Introduction 

In 1956 A. Selberg introduced tlie zeta function 

c 7V>0 

where the first product is taken over all primitive closed geodesies in a com- 
pact Riemannian surface of genus > 2, equipped with the hyperbolic metric, 
and l{c) denotes the length of the geodesic c. Selberg proved that the product 
converges if the real part of s is large enough and that Z{s) extends to an 
entire function on C, that it satisfies a functional equation as s is replaced 
by 1 — s, and that a generalized Riemann hypothesis holds for the function 
Z. 

The following list of references is only a small and strongly subjective selec- 
tion from the existing literature: [inilIZll2Hll2niEnilllllSSllZ2llZS]- 

Generalizing Selberg's definition R. GangoUi [^21 gave a zeta function with 
similar properties for all locally symmetric spaces of rank one. These results 
were later extended to vector bundles by M. Wakayama [73]. Both, GangoUi 
and Wakayama kept the spirit of Selberg's original proof in that they explic- 
itly inverted the Selberg integral transform (which required more knowledge 
on harmonic analysis then in Selberg's case, however), then handicrafted a 
test function to be plugged into the trace formula which would yield a higher 
logarithmic derivative of the Selberg zeta function. In D. Fried intro- 
duced heat kernel methods which replaced the inversion of the transform 
conveniently. Using supersymmetry arguments his approach was transferred 
to some cases of higher rank by H. Moscovici and R. Stanton [HH] . 

In the present paper a new approach is given which allows to extend the 
theory of the Selberg zeta function to arbitrary groups. The central idea is 
to use a geometric approach to shift down to a Levi subgroup of rank one less 
and then plug in Euler-Poincare functions with respect to that Levi group. 
The themes of the paper are: meromorphicity of the Selberg zeta function, 
the Patterson conjecture relating the vanishing order of the zeta function to 
group cohomology, and the evaluation of the zeta function at special points 
to get topological invariants. 

The contents of the chapters are as follows: In the first chapter notations 
are set and results from literature are collected. In chapter 2 the existence 
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of pseudo-coefficients and Euler-Poincare functions is proved in a very gen- 
eral setting. Euler-Poincare functions are characterized by the fact that they 
give Euler-Poincare characteristics as traces under irreducible representa- 
tions. They are of great use in various applications of the trace formula, in 
particular in the theory of automorphic forms. Section 2 generalizes existing 
approaches in that firstly the group need not be connected and that secondly 
the representation to which it is attached need not be spinorial. The trace 
formula is presented in chapter 3. We restrict to the cocompact case but we 
allow a broad class of test functions to enter the trace formula. 

In chapter 4 we present the Lefschetz formula which is called so because 
it plays the same role for the Selberg zeta function as the Lefschetz trace 
formula of etale cohomology does for the Hasse-Weil zeta function of a finite 
variety. In chapter 5 we extend the range of the Lefschetz formula eventually 
getting the meromorphic continuation of the Selberg zeta function. 

The Patterson conjecture, which expresses the divisor of the zeta function in 
terms of group cohomology is, in this setting, proven in chapter 6. In chapter 
7 we generalize rank one results by expressing the holomorphic torsion of a 
hermitian locally symmetric space by special values of Selberg zeta functions. 
Finally, in chapter 8 we present the whole theory in the p-adic setting where 
all analytic arguments become a lot easier. 

Chapter one is merely a collection of facts from the literature, but chapter 
2 is entirely new and has not been published elsewhere. In chapter 4 there 
is a new part in section 4.4, where a new interpretation of the Lefschetz 
formula is given which is coherent with the Deninger philosophy. Section 5 is 
new since the theory of Euler-Poincare functions of chapter 2 allows for the 
meromorphic continuation of a much wider class of zeta functions than was 
possible hitherto. Chapter 7 is entirely new and so is the Lefschetz formula 
in chapter 8. 
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Chapter 1 
Prerequisites 



In this chapter we collect some facts from literature which will be needed in 
the sequel. Proofs will only be given by sketches or references. 



1.1 Notations 

We denote Lie groups by upper case roman letters G, H, K, . . . and the cor- 
responding real Lie algebras by lower case German letters with index 0, that 
is: 00; ^0, ^0; • • • • The complexified Lie algebras will be denoted by g, f), 6, . . . , 
so, for example: = 0o ®R C. 

For a Lie group L with Lie algebra [q let Ad : L — > GL{Iq) be the adjoint 
representation ([llj III. 3. 12). By definition, Ad{g) is the differential of the 
map X ^ gxg~^ at the point x = e. Then Ad(^) is a Lie algebra automor- 
phism of 00. A Lie group L is said to be of inner type if Ad(L) lies in the 
complex adjoint group of the Lie algebra [. 

A real Lie group G is said to be a real reductive group if there is a linear 
algebraic group Q defined over M which is reductive as an algebraic group 
in] and a morphism a : G ^ ^(IR) with finite kernel and cokernel (Since we 
do not insist that the image of a is normal the latter condition means that 
im(a) has finite index in ^(M)). This implies in particular that G has only 
finitely many connected components (flj 24. 6. c). 
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Note that any real reductive group G of inner type is of Harish- Chandra class, 
i.e., G is of inner type, the Lie algebra Qq of G is reductive, G has finitely 
many connected components and the connected subgroup G°g^ corresponding 
to the Lie subalgebra [0o,0o] has finite center. 

The following are of importance: 

• a connected semisimple Lie group with finite center is a real reductive 
group of inner type ([76 2.1.3), 

• if G is a real reductive group of inner type and P = MAN is the 
Langlands decomposition ([ZHI 2.2.7) of a parabolic subgroup then the 
groups M and AM are real reductive of inner type ([7^] 2.2.8) 

The usual terminology of algebraic groups carries over to real reductive 
groups, for example a torus (or a Cartan subgroup) in G is the inverse image 
of (the real points of) a torus or a Cartan subgroup in ^(M). An element of 
G will be called semisimple if it lies in some torus of G. The split component 
of G is the identity component of the greatest split torus in the center of G. 
Note that for a real reductive group the Cartan subgroups are precisely the 
maximal tori. 

Let G be a real reductive group then there exists a Cartan involution i.e., an 
automorphism 6 of G satisfying 6"^ = Id whose fixed point set is a maximal 
compact subgroup K and which is the inverse (a i— >■ a~^) on the split com- 
ponent of G. All Cartan involutions are conjugate under automorphisms of 
G. 

Fix a Cartan involution 6 with fixed point set the maximal compact subgroup 
K and let to be the Lie algebra of K. The group K acts on go via the adjoint 
representation and there is a i^-stable decomposition go = © Po, where 
po is the eigenspace of (the differential of) 9 to the eigenvalue —1. Write 
g = t © p for the complexification. This is called the Cartan decomposition. 

Lemma 1.1.1 There is a symmetric bilinear form i? : go x go ^ M such 
that 

• B is invariant, that is B{Ad{g)X, Ad{g)Y) = B{X,Y) for all g e G 
and all X,Y E Qq and 
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• B is negative definite on to cind positive definite on its orthocomplement 

Proof: For X E Qq let ad(X) : 0o ^ 0o be the adjoint defined by ad(X)y = 
[X, y]. Since for g E G the map Ad{g) is a Lie algebra homomorphism we 
infer that a,d{Ad{g)X) = Ad{g)ad{X)Ad{g)~^ and therefore the Killing form 

Bk{X,Y) = tr (ad(X)ad(r)) 

is invariant. It is known that if B^ is nondegenerate, i.e., Qq is semisimple, 
then B — B^ satisfies the claims of the lemma. In the general case we have 
00 = do © Co © 00) where Oo © Co is the center of 0o and 0q its derived algebra, 
which is semisimple and so Bk\q[^ is nondegenerate, whereas Bx\ao®cQ = 0- 
Further Cq is the eigenspace of 9 in the center of 0o corresponding to the 
eigenvalue 1 whereas Oq is the eigenspace of —1. For g EG the adjoint Ad{g) 
is easily seen to preserve Oq and Cq, so wc get a representation p : G ^ 
GL[ao) X GL{co). This representation is trivial on the connected component 
G° of G hence it factors over the finite group G/G^. Therefore there is a 
positive definite symmetric bilinear form B^ on ao which is invariant under 
Adc and similarly a negative definite symmetric bilinear form Be on Cq which 
is invariant. Let 

B = Ba®Bc®BK\g^. 

Then B satisfies the claims of the lemma. □ 

Let f/(0o) be the universal enveloping algebra of 0o. It can be constructed 
as the quotient of the tensorial algebra 

T(0o) = M©0oe(0o®0o)©... 

by the two-sided ideal generated by all elements of the form X ^ Y — Y ® 
X-[X,Y], where X,Y E go. 

The algebra U{qo) can be identified with the M-algebra of all left invariant 
differential operators on G. Let = 0o ® C be the complexification of 0o 
and U (0) be its universal enveloping algebra which is the same as the com- 
plexification of ^7(00). Then is a subspace of U{g) which generates U{g) 
as an algebra and any Lie algebra representation of extends uniquely to a 
representation of the associative algebra U{q). 
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The form B gives an identification of go with its dual space 0q. On the other 
hand B defines an element in 0o ® 0o- Thus we get a natural element in 
flo ® 00 C T(go)- The image C of this element in U{qo) is called the Casimir 
operator attached io B. It is a differential operator of order two and it lies 
in the center of f/(So)- In an more concrete way the Casimir operator can be 
described as follows: Let Xi, . . . , be a basis of Qq and let Yi, . . . , be 
the dual basis with respect to the form B then the Casimir operator is given 
by 

C = XiYi + ■ ■ ■ + XmYm- 

We have 

Lemma 1.1.2 For any g E G the Casimir operator is invariant under 
Ad{g), that is M{g)C = C. 

Proof: This follows from the invariance of i? □ 

Let X denote the quotient manifold G/K. The tangent space at eK identifies 
with po and the form B gives a ii'-invariant positive definite inner product 
on this space. Translating this by elements of G defines a G-invariant Rie- 
mannian metric on X. This makes X the most general globally symmetric 
space of the noncompact type [46j. 

Let G denote the unitary dual of G, i.e., G is the set of isomorphism classes 
of irreducible unitary representations of G. 

Let (tt, Vn) be a continuous representation of G on some Banach space K-. 
The subspace of smooth vectors is defined to be the subspace of K- 
consisting of all f G VJr such that the map g i— > 7!'{g)v is smooth. The 
universal enveloping algebra U (g) operates on via 

7r(X) : V ^ Xg{n{g)v) |g=e 

for X in g. 

A {q, K) -module is by definition a complex vector space V which is a K- 
module such that for each v E V the space spanned by the orbit K.v is finite 
dimensional. Further V is supposed to be a g-module and the following 
compatibility conditions should be satisfied: 
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for y G 6 C g and v e V it holds 

exp(tY).v, 



Y.v = — 
dt 



t=o 

• for k & K , X E g and v E V we have 

k.X.v = M{k)X.k.v. 

A (0, ir)-module ^ is called irreducible or simple if it has no proper submod- 
ules and it is called of finite length if there is a finite filtration 

= c ■ ■ ■ c K = 

of submodules such that each quotient Vj/Vj_i is irreducible. Further V is 
called admissible if for each r E K the space Hom7^(r, V) is finite dimensional. 
An admissible (g, i^r)-module of finite length is called a Harish- Chandra mod- 
ule. 

Now let (vr, VJr) again be a Banach representation of G. Let K-,^: be the 
subspace of VJr consisting of all vectors G K- such that the _ft"-orbit n{K)v 
spans a finite dimensional space. Then K-,/^ is called the space of K-finite 
vectors in VJr. The space Vtt^k is no longer a G-module but remains a ii'- 
module. Further the space = Kr,_ft: H is dense in Vt,^k and is stable 
under K, so 1^°^ is a (g, ir)-module. By abuse of notation we will often 
write 71 instead of \4 and vr^ instead of V^j^. The representation vr is called 
admissible if vr^ is. In that case we have tt^ = hk since a dense subspace 
of a finite dimensional space equals the entire space. So then is a (g, K)- 
module. 



Lemma 1.1.3 Let (tt, V^) be an irreducible admissible representation of G 
then the Casimir operator G acts on by a scalar denoted tt{G). 

Proof: By the formula TT{g)'K{G)'K{g)^^ = TT{Ad{g)G) and Lemma fl. 1.21 we 
infer that vr(C) commutes with TT{g) for every g E G. Therefore the claim 
follows from the Lemma of Schur (^76, 3.3.2). □ 

Any / G L^{G) will define a continuous operator 

7r(/) = / f{x)TT{x)dx 
Jg 
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on 

Let N he a natural number and let L\j^{G) be the set of all / e C'^^{G) 
which satisfy Df e L^{G) for any D e U{g) with deg(D) < 2N. 

Lemma 1.1.4 Let N be an integer > ^^y^. Let f E L\j^{G) then for any 
irreducible unitary representation tt of G the operator 7r(/) will be of trace 
class. 

Proof: Let C denote the Casimir operator of G and let Ck be the Casimir 
operator of K. Let A = —G + 2Gk G U{g) the group Laplacian. It is known 
that for some o > the operator 7r(A + a) is positive and 7r(A + a)~^ is of 
trace class. Let g = {A + a)^ f then g G L^{G), so 7r((/) is defined and gives 
a continuous linear operator on Vt^. We infer that 7r(/) = 7r(A + a)~^'n{g) is 
of trace class. □ 

Finally we need some more notation. The form {X,Y) — —B{X,9(Y)) is 
positive definite on Qq and therefore induces a positive definite left invariant 
top differential form a;^ on any closed subgroup L oi G. If L is compact we 
set 

v{L) = J ujl- 

Let H — AB be a ^-stable Cartan subgroup where A is the connected split 
component of H and B is compact. The double use of the letter B here 
will not cause any confusion. Then B G K. Let $ denote the root system 
of (g, f)), where g and [) are the complexified Lie algebras of G and H. Let 
= 1)© ©ae* S" be the root space decomposition. Let x ^ x'^ denote the 
complex conjugation on g with respect to the real form go — Lie{G). A root 
a is called imaginary if a*^ = —a and it is called real if a'^ — a. Every root 
space Qa is one dimensional and has a generator Xa satisfying: 

[X^,X_^]=Y^ with = 

and X^ — Xac if a is non-imaginary and X^ = ±X_q, if a is imaginary. An 
imaginary root a is called compact if X^ = —X^a and noncompact otherwise. 
Let be the set of noncompact imaginary roots and choose a set of 
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positive roots such that for a G $^ nonimaginary we have that a'^ G Let 
W = W{G, H) be the Weyl group of (G, H), that is 

^ normahzer(if) 
centrahzer(if) 

Let rkR(G) be the dimension of a maximal M-spht torus in G and let v = 
A\mG/ K — ik^{G). We define the Harish- Chandra constant of G by 

CO = i-ir^\2nr^\r/'^\W\. 

v{K) 



1.2 Normalization of Haar measures 

Although the results will not depend on normalizations we will need to nor- 
malize Haar measures for the computations along the way. First for any 
compact subgroup C C G we normalize its Haar measure so that it has total 
mass one, i.e., vol(G) = 1. Next let if C G be a reductive subgroup, and 
let 6h be a Cartan involution on H with fixed point set Kh- The same way 
as for G itself the form B restricted to the Lie algebra of H induces a Rie- 
mannian metric on the manifold Xh = H/Kh- Let dx denote the volume 
element of that metric. We get a Haar measure on H by defining 



f{h)dh = / f{xk)dkdx 

H J Xh J Kh 

for any continuous function of compact support / on H. 

Let P C G be a parabolic subgroup of G (see [76j 2.2). Let P = MAN be 
the Langlands decomposition of P. Then M and A are reductive, so there 
Haar measures can be normalized as above. Since G = PK = MANK there 
is a unique Haar measure dn on the unipotent radical such that for any 
constant function / of compact support on G it holds: 

f{x)dx =1111 f{'mank)dkdndadm. 
G J M J A Jn Jk 



Note that these normalizations coincide for Levi subgroups with the ones 
met by Harish- Chandra in (|3S| sect. 7). 
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1.3 Invariant distributions 

In this chapter we shall throughout assume that G is a real reductive group 
of inner type. A distribution T on G, i.e., a continuous linear functional 
T : C~(G) ^ C is called invariant if for any / e C~(G) and any y e G ii 
holds: T{fy) = r(/), where fy{x) = f{yxy-^). Examples are: 

• orbital integrals: / i— > Og{f) — f{x~^gx)dx and 

• traces: / i— >• tr7r(/) for tt G G. 

These two examples can each be expressed in terms of the other. Firstly, 
Harish-Chandra proved that for any tt & G there exists a conjugation invari- 
ant locally integrable function on G such that for any / e G^{G) 

tr7r(/) = / f{x)e,{x)dx. 
Jg 

Recall the Weyl integration formula which says that for any integrable func- 
tion on G we have 

/ ip{x)dx = J2 \^M(n ffW / / 'P{xhx-^)\det{l - h\Q/i)j)\dxdh, 
Jg I ' ' I -^^j -^(^/"j 

where Hi, . . . , Hj. is a maximal set of nonconjugate Cartan subgroups in G 
and for each Cartan subgroup H we let W{G, H) denote its Weyl group, i.e., 
the quotient of the normalizer of if in G by its centralizer. 

An element x of G is called regular if its centralizer is a Cartan subgroup. 
The set of regular elements G*"*^^ is open and dense in G therefore the integral 
above can be taken over G'^^^ only. Letting H^^ :— Hj f] G^^^ we get 

Proposition 1.3.1 Let N be a natural number bigger than ^^y^, then for 
any f e L\j^{G) and any tt & G we have 

^^^(/) = i2 iu,(r MM I Ou{f)eM\^ei{l-h\Q/\),)\dh. 
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That is, we have expressed the trace distribution in terms of orbital integrals. 
In the other direction it is also possible to express semisimple orbital integrals 
in terms of traces. 

At first let iJ be a ^^-stable Cartan subgroup of G. Let I) be its complex 
Lie algebra and let $ = $(0, ()) be the set of roots. Let a; — > a;^ denote 
the complex conjugation on q with respect to the real form go = Lie^{G). 
Choose an ordering C $ and let be the set of positive imaginary 
roots. To any root a e $ let 

H ^ 
h ^ h'^ 

be its character, that is, for X E Qa the root space to a and any h E H we 
have Ad{h)X = h^'X. Now put 

Let H = AT where A is the connected split component and T is compact. 
An element at e AT = H is called split regular if the centralizer of a in G 
equals the centrahzer of ^4 in G. The split regular elements form a dense 
open subset containing the regular elements of H. Choose a parabohc P 
with split component A, so P has Langlands decomposition P — MAN. For 
ateAT^H let 

A+iat) = |det((l-Ad((ai)-i))|0/,em)|^ 



= |det((l-Ad((ai)-^))|n)|a''- 



n (1 - {atyn 

Q-g<J)+_(I) + 

where pp is the half of the sum of the roots in $(P, A), i.e., a^^^ = det(a|n). 
We will also write h^'' instead of a^-^". 

For any h e H''^^ = Hn C''^ let 

'Ff{h) = 'Ff{h) = 'Ai{h)A+{h) I f{xhx-^)dx. 

JG/A 
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It then follows directly from the definitions that for h G H^'^^ it holds 

'Ff{h) 



Ohif) 



hPpdet{l-h-^\{g/[))+)' 



where {Q/i))~^ is the sum of the root spaces attached to positive roots. There 
is an extension of this identity to nonregular elements as follows: For h & H 
let Gh denote its centralizer in G. Let ^~^{Qh, f)) be the set of positive roots 
of (flft, f)). Let 

ae*+(gh,f)) 

then Wh defines a left invariant differential operator on G. 



Lemma 1.3.2 For any f G L\^{G) and any h E H we have 

o (f) = 

'^^^ c,/iP-det(l-/i-i|(s/s,)+)- 

Proof: This is proven in section 17 of (SI]. □ 

Our aim is to express orbital integrals in terms of traces of representations. 
By the above lemma it is enough to express 'Ff{h) it terms of traces of / 
when h G H^^^. For this let Hi = AiTi be another 6'-stable Cartan subgroup 
of G and let Pi = MiAiNi be a parabolic with split component Ai. Let 
Ki = Kr\Mi. Since G is connected the compact group Ti is an abelian torus 
and its unitary dual Ti is a lattice. The Weyl group W = W{Mi,Ti) acts 
on Ti and ti G Ti is called regular if its stabilizer W{ti) in W is trivial. The 
regular set Ti modulo the action of W{Ki,Ti) C W{Mi,Ti) parameterizes 
the discrete series representations of Mi (see |S3])- For ti G Ti Harish- 
Chandra [40J defined a distribution B^-^ on G which happens to be the trace 
of the discrete series representation vr^^ attached to ti when ti is regular. 
When ti is not regular the distribution 9^- can be expressed as a hnear 
combination of traces as follows. Choose an ordering of the roots of (Mi, Ti) 
and let Q be the product of all positive roots. For any w E W we have 
wfl = e{w)Q for a homomorphism e : W ^ {il}- Fo^' nonregular ti G Ti 
we get <df = „3rM y^.n„cwtr\^iw)Q' where 9' r is the character of an 
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irreducible representation tt^ called a limit of discrete series representation. 
We will write np^ for the virtual representation ^^^"^-^^^ S«,gw~ ^i'^)''^w,fi- 

Let u : a a'^ he a unitary character of Ai then hi = (i^, ti) is a character 
of Hi = AiTi. Let 9^ be the character of the representation tt^ induced 
parabolically from (z/, vr^^). Harish- Chandra has proven 



Theorem 1.3.3 Let Hi, . . . ,Hr be maximal a set of nonconjugate 6-stable 
Cartan subgroups. Let H = Hj for some j. Then for each j there exists a 
continuous function ^h\Hj on H^^^ x Hj such that for h G H^'^^ it holds 



.7=1 "^^^ 



(/) dh, 



Further ^h\h = unless there is g & G such that gAg ^ G Ai. Finally for 
Hj = H the function can be given explicitly as 

^H\H{h,h) = e{w\T){wh,h) 

^ 'Aih)ef^{h), 



\W{G,H 



where 'A = A+A/. 

Proof: HOI. □ 



1.4 Regularized determinants and products 

Frequently we will use the notion of a regularized determinant. For this let 
A be a positive operator, densely defined on some Hilbert space. We will call 
the operator A zeta- admissible, if 

- there is a p > 1 such that A~^ is of trace class and 
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- the trace of the heat operator e admits an asymptotic expansion 

oo 
k=0 

as t —> where ctfe e R, 0;^ — > +00. 

The reader should notice that, from the fact that A'^ is of trace class it 
immediately follows that the Hilbert space H is separable and has a basis of 
>l-eigenvectors, each eigenvalue occurring with a finite multiplicity and the 
eigenvalues accumulating at most at infinity. 

Under these circumstances one defines the zeta function of A as: 

Ca{s) = tr A'"" for Re s > p. 
Then for Res >> and A >> we consider the MeUin transform of 9a- 

/•oo 

M{z,X) = / e-^e-^'9Ait) dt. 
Jo 

The asymptotic expansion shows that for fixed A > the function z 1— > 
M{z, A) with M{z, A) = T{z)(a+\{z) is holomorphic in C up to simple poles 
at — ccfc — n, k,n > of residue 

res,=_„,_„M(^,A) - A"c,(-l)Vn!. 

(When two of those coincide the residues add up.) This shows that (^a+x{z) 
is regular at z=0. Extending the case of finite dimension we define: 

det{A + X) = exp(-C;i+;,(0)). 

Using the asymptotic expansion one sees that the function A 1— > det{A + A) 
extends to an entire function with zeroes given by the eigenvalues of -A, the 
multiplicity of a zero at Aq being the multiplicity of the eigenvalue Aq. 

We will extend the definition of the determinant det(74) to the situation 
where not necessarily A but A' = A |(ker a)-^ is zeta admissible, then we will 
define (a = Ca' and det'(A) = det(yl'). 

Evidently the determinant det(A + A) only depends on the sequence of eigen- 
values < oi < 02 < 02 < . . . of ^4. Further for any sequence of complex 
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numbers there exists an operator having the given eigenvalues. So we call the 
sequence (oj) zeta admissible if the operator A is and define the regularized 
product as 

JJ(aj + A) = det{A + X). 
j 

Examples. The theory of the heat equation shows that an elliptic differen- 
tial operator with positive definite principal symbol is zeta admissible [53] . 
Another class of examples often occurs in number theory: Let p be a non- 
constant polynomial over the reals with postive leading coefficient. Assume 
that a„ = p{n) for all but finitely many n, then the operator defined by the 
sequence of eigenvalues a„ is zeta admissible. 
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Chapter 2 

Euler-Poincare functions 



In this chapter we generahze the construction of pseudo-coefficients and 
Euler-Poincare functions to non-connected groups. Here G will be a real re- 
ductive group. It will be assumed that G admits a compact Cartan subgroup. 
It then follows that G has compact center. 



2.1 Existence 

Fix a maximal compact subgroup K oi G and a Cartan T of G which lies 
inside K. The group G is called orientation preserving if G acts by orienta- 
tion preserving diffeomorphisms on the manifold X = G/K. For example, 
the group G = S'L2(M) is orientation preserving but the group PGL2(M) is 
not. Recall the Cartan decomposition Qq = fig © Po- Note that G is orien- 
tation preserving if and only if its maximal compact subgroup K preserves 
orientations on po- 

Lemma 2.1.1 The following holds: 

• Any connected group is orientation preserving. 

• If X carries the structure of a complex manifold which is left stable by 
G, then G is orientation preserving. 
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Proof: The first is clear. The second follows from the fact that biholomor- 
phic maps are orientation preserving. □ 

Let t be the complexified Lie algebra of the Cartan subgroup T. We choose 
an ordering of the roots $(g, t) of the pair (g, t) [7B . This choice induces a 
decomposition p = p_ ©p+, where p± is the sum of the positive/negative root 
spaces which lie in p. As usual denote by p the half sum of the positive roots. 
The chosen ordering induces an ordering of the compact roots $(6, t) which 
form a subset of the set of all roots $(0,t). Let pk denote the half sum of 
the positive compact roots. Recall that a function / on G is called K -central 
if f{kxk~^) = f{x) for all a; G G, /c G K. For any /^-representation {p,V) 
let denote the space of i^'-fixed vectors, i.e., 

= {ve V\p{k)v = vyke K}. 

Let (r, Vr) be a representation of i^' on a finite dimensional complex vector 
space Vt-. Let V* be the dual space then there is a representation f on 
:= V* given by 

T{k)a{v) = a{r{k^^)v), 

for k & K, a ^ V* and f G V^. This representation is called the contra- 
gredient or dual representation. The restriction from G to K gives a ring 
homomorphism of the representation rings: 

res% : Rep(G) ^ Rep{K). 

Theorem 2.1.2 (Euler-Poincare functions) Let {r^Vr) a finite dimensional 
representation of K. If G is orientation preserving or r lies in the image of 
res'^, then there is a compactly supported smooth K-central function fr on 
G such that for every irreducible unitary representation (vr, Vt^) of G we have 

dim(p) 

tr 7r(^) = 5^ (-l)Pdim(K® A^'p®\4)^. 

p=0 

We call fr an Euler-Poincare function for r. 

If, moreover, K leaves invariant the decomposition p = p_|_ © p_ then there 
is a compactly supported smooth K-central function g^ on G such that for 
every irreducible unitary representation (vr, V^) we have 

dim(p_) 
p=0 
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Remark: If the representation r lies in the image of res^ or the group G is 
connected then the theorem is well known, ^7\. We will however have 
to apply the theorem also in situations where neither condition is satisfied. 

Proof: We will concentrate on the case when G is orientation preserving, 
since the other case already is dealt with in the literature. Suffice to say that 
it can be treated similarly. Without loss of generality assume r irreducible. 
Suppose given such a function / which satisfies the claims of the theorem 
except that it is not necessarily i^'-central, then the function 

Jk 

will satisfy all claims of the theorem. Thus one only needs to construct a 
function having the claimed traces. 

If G is orientation preserving the adjoint action gives a homomorphism K 
SO{p). If this homomorphism happens to lift to the double cover Spin{p) 
\58\ we let G = G and K = K. In the other case we apply the 

Lemma 2.1.3 // the homomorphism K —>■ SO{p) does not factor over the 
spin group Spin{p) then there is a double covering G ^ G such that with 
K denoting the inverse image of K the induced homomorphism K SO{p) 
factors over Spin{p) SO{p). Moreover the kernel of the map G ^ G lies 
in the center of G 

Proof: At first K is given by the pullback diagram: 

k Spin{p) 
I la 
Ad 

K SO{p) 

that is, K is given as the set of all {k,g) & K x Spin{p) such that Ad(fc) = 
a{g). Then is a double cover of K. 

Next we use the fact that i^' is a retract of G to show that the covering 
K ^ K lifts to G. Explicitly let P = exp(po) then the map K x P ^ 
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G, {k,p) I— i> fcp is a diffeomorphism jZOl- Let g {k{g):Pi9)) be its inverse 
map. We let G = K x P then the covering K —>■ K defines a double 
covering (3 : G ^ G. We have to install a group structure on G which makes 
j3 a homomorphism and reduces to the known one on K . Now let fc, A;' G -ft' 
and p,p' E P then by 

k'p'kp = k'k k~^p'kp 

it follows that there are unique maps ax '■ P x P K and ap : P x P ^ P 
such that 

k{k'p'kp) = k'kaK{k~^p'k,p) 
p{k'p'kp) = ap{k~^p'k,p). 

Since P is simply connected the map ax lifts to a map ax '■ P x P K. 
Since P is connected there is exactly one such lifting with ax(l, 1) = 1- Now 
the map 

{K X P)x{K X P) kxP 

{k',p'),{k,p) h-> {kk'dKik^'^p'k,p),ap{k~^p'k,p)) 

defines a multiplication on G = K x P with the desired properties. 

Finally ker(/5) will automatically be central because it is a normal subgroup 
of order two. □ 

Let S be the spin representation of Spin{p) (see jSH], p. 36). It splits as a 
direct sum of two distinct irreducible representations 

S = (33 S 

We will not go into the theory of the spin representation, we only need the 
following properties: 

• The virtual representation 

{S+ - S-) ® {S+ - S-) 

is isomorphic to the adjoint representation on A'^'^'^'^p - A°'^'^p (see [HHI, 
p. 36). 
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• UK leaves invariant the spaces p_ and p+, as is the case when X carries 
a holomorphic structure fixed by G, then there is a one dimensional 
representation e of K such that 

The proof of this latter property will be given in section 12.21 

Theorem 2.1.4 (Pseudo- coefficients) Assume that the group G is orienta- 
tion preserving. Then for any finite dimensional representation (r, Vr) of K 
there is a compactly supported smooth function hr on G such that for every 
irreducible unitary representation (tt, V^) of G, 

tr 7r(/i,) = dim(V; ® ® Vrf - dim(V; ® ® Vrf. 

The functions given in this theorem are also known as pseudo-coefficients (HZj • 
This result generalizes the one in [SZj in several ways. First, the group G 
needn't be connected and secondly the representation r needn't be spinorial. 
The proof of this theorem relies on the following lemma. 

Lemma 2.1.5 Let (vr, \4) be an irreducible unitary representation of G and 
assume 

dim(V; ®S+ ® V^)^ - dim(V; ® ® V^)^ ^ 0, 
then the Casimir eigenvalue satisfies vr(C) = t{Ck) — B{p) + B{pk)- 



Proof: Let the ii'-invariant operator 

ci± : K ® 5^ ^ K ® 

be defined by 

d± : V ® s ^ 7r(Xi)t> c(Xj)s, 

i 

where (Xj) is an orthonormal base of p. The formula of Parthasarathy, 
p. 55 now says 

d_dj^ = d+d_ = Ti ® s^{Ck) - Ti{C) ®l - B{p) + B{pk)- 
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Our assumption leads to ker{d^d-) fl tt ® S{t) ^ 0, and therefore = 
r(Cx)-vr(C)-S(p) + S(pK). □ 

For the proof of Theorem 12 . 1 . 41 let (r, VV) a finite dimensional irreducible uni- 
tary representation of K and write for the G-homogeneous vector bundle 
over X = G/K defined by r. The space of smooth sections V^i^Er) may 
be written as r°°{Er) = {C°°{G) ® K)^, where K acts on C°°{G) by right 
translations. The Casimir operator C of G acts on this space and defines 
a second order differential operator Cr on Et-. On the space of L^-sections 
L^(X, Et-) = {L'^{G)^Vr)^ this operator is formally selfadjoint with domain, 
say, the compactly supported smooth functions and extends to a selfadjoint 
operator. Consider a Schwartz function / on M such that the Fourier trans- 
form / has compact support. By general results on hyperbolic equations 
([70]. chap IV) it follows that the smoothing operator f{Cr), defined by the 
spectral theorem has finite propagation speed. Since f{Cr) is G-equivariant 
it follows that f{Cr) can be represented as a convolution operator ip v^*/t, 
for some fr G (G^(G) ® End(K-))^^'^ and with denoting the pointwise 

trace of fr we have for tt G (5: tr 7r(/^) = /(7r(G)) dim(V^ K)^, where 
7r(C) denotes the Casimir eigenvalue on vr. This construction extends to 
virtual representations by linearity. 

Choose / such that fijiCK) — B{p) + B{pk)) = 1. Such an / clearly exists. 
Let 7 be the virtual representation of K on the space 

= {S+ - S-) ® Vr, 

then set hr = f\. Theorem 12 . 1 .41 follows. □ 

To get the first part of Theorem 12.1.21 from Theorem 12.1.41 one replaces r 
in the proposition by the virtual representation on (5+ — S^) ® V^. Since 
{S^ — S^) ® {S^ — S^) is as -ft" module isomorphic to A*p we get the desired 
function, say j on the group G. Now if G 7^ G let 2; be the nontrivial element 
in the kernel of the isogeny G ^ G, then the function 

factors over G and satisfies the claim. 



To get the second part of the theorem one proceeds similarly replacing r by 
e (g) r. □ 
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2.2 Clifford algebras and Spin groups 

This section is solely given to provide a proof of the properties of the spin 
representation used in the last section. We will therefore not strive for the 
utmost generality but plainly state things in the form needed. For more 
details the reader is referred to EHl- 

Let V he a. finite dimensional complex vector space and let q : V C he 
a non-degenerate quadratic form. We use the same letter for the symmetric 
bilinear form: 

(i{x,y) = ^{q{x + y) -q{x) -q{y)). 

Let SO{q) C GL{V) he the special orthogonal group of q. The Clifford 
algebra Cl{q) will be the quotient of the tensorial algebra 

TV = C®V®{V®V)®... 

by the two-sided ideal generated by all elements of the form f ® f + q{v), 
where v E V. 

This ideal is not homogeneous with respect to the natural Z-grading of TV, 
but it is homogeneous with respect to the induced Z/2Z-grading given by 
the even and odd degrees. Hence the latter is inherited by Cl{q): 

Cl{q) = Cl\q)®Cl\q). 

For any v eV we have in Cl{q) that f ^ = —q{v) and therefore v is invertible 
in Cl{q) if q{v) ^ 0. Let Cl{q)^ he the group of invertible elements in Cl{q). 
The algebra Cl{q) has the following universal property: For any linear map 
{p : V A to a C-algebra A such that v'(f )^ = —q{v) for all v E V there is 
a unique algebra homomorphism Cl{v) — > A extending ip. 

Let Pin{q) he the subgroup of the group Cl{q)^ generated by all elements v 
of V with q{v) = ±1. Let the complex spin group he defined by 

Spin{q) = Pin{q) nCf{q), 

i.e., the subgroup of Pin{q) of those elements which are representable by an 
even number of factors of the form v or with v E V. Then Spin{q) acts 
on V by x.v = xvx~^ and this gives a double covering: Spin{q) SO{q). 
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Assume the dimension of V is even and let 

V = v+®v- 

be a polarization, that is q{V^) = q{V^) = 0. Over C polarizations always 
exist for even dimensional spaces. By the nondegeneracy of q it follows that 
to any v G there is a unique v G V~ such that q{v,v) = —1. Further, let 
V~''" be the space of all w G V~ such that q{v, w) — 0, then 

V- = Cv^V-'"". 

Let 

s = A*v- = cey-e AV-e---eA*''py-, 

then we define an action of Cl{q) on S in the following way: 

• for i> G V~ and s G 5* let 

v.s — V A s, 

• for V G V+ and s G A*^-''' let 

v.s — 0, 

• and for v G V'^ and s G -S" of the form s — v A s' with s' G AW"''" let 

u.s = s'. 

By the universal property of Cl{V) this extends to an action of Cl{q). The 
module S is called the spin module. The induced action of Spin{q) leaves 
invariant the subspaces 

the representation of Spin{q) on these spaces arc called the half spin rep- 
resentations. Let SO{q)^ the subgroup of all elements in SO{q) that leave 
stable the decomposition V — V'^ © V~ . This is a connected reductive group 
isomorphic to GLiV"^), since, let g G GL{V^) and define g G GL{V~) to be 
the inverse of the transpose of g by the pairing induced by q then the map 
Gl{y) —>■ SO{q)~^ given by g >—>^ {.9i9) is an isomorphism. In other words. 
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choosing a basis on and a the dual basis on V we get that q is given in 
1 




that basis by ( ^ ^ ) . Then SO{q)'^ is the image of the embedding 



GL{V-) ^ SO{q) 

A 
^A-^ 



Let Spin{q)~^ be the inverse image of SO{q)~^ in Spin{q). Then the covering 
Spin{q)^ SO{q)^ = GL[V~) is the "square root of the determinant", i.e., 
it is isomorphic to the covering GL(y'') — > GL(y~) given by the puUback 
diagram of hnear algebraic groups: 

GL{V-) GL{1) 
det 

GL{V-) GL(1). 



As a set, GL(y~) is given as the set of all pairs {g, z) e GL(y~) x GL{1) 
such that det(gi) = and the maps to GL(y~) and GL{1) are the respective 
projections. 

Lemma 2.2.1 There is a one dimensional representation e of Spin{q)~^ such 
that 

as Spin{q)^ -modules, where means the even or odd powers respectively. 

Proof: Since Spin{q)^ is a connected reductive group over C we can apply 
highest weight theory. If the weights of the representation of Spin{q)'^ on V 
are given by ±//i, . . . , ±/i^, then the weights of the half spin representations 
are given by 

with an even number of minus signs in the one and an odd number in the 
other case. Let e = + ■ ■ ■ + jim) then e is a weight for Spin{q)^ and 
2e is the weight of, say, the one dimensional representation on A*"^!/"*". By 
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Weyl's dimension formula this means that 2e is invariant under the Weyl 
group and therefore e is. Again by Weyl's dimension formula it follows that 
the representation with highest weight e is one dimensional. Now it follows 
that S'^ ®e has the same weights as the representation on A'^V, hence must 
be isomorphic to the latter. The case of the minus sign is analogous. □ 

2.3 Orbital integrals 

It now will be shown that tr7r(/T-) vanishes for a principal series representa- 
tion TT. To this end let P — MAN be a nontrivial parabolic subgroup with 
A C exp(po). Let {^,V^) denote an irreducible unitary representation of M 
and e*^ a quasicharacter of A. Let tt^,,^ := Indp(^ (8) e'' (8) 1). 

Lemma 2.3.1 We have tr 7r^_,^(/T-) = 0. 

Proof: By Frobenius reciprocity we have for any irreducible unitary repre- 
sentation 7 of K: 

Homif(7,7r^,^|^) ^ RouikMkm^O, 

where Km := K D M. This implies that tr7r^^^(/T-) does not depend on 
1/. On the other hand tr7rg_jy(/r) 7^ for some u would imply n^^i.^C) = 
^{Ck) — B{p) + B{pk) which only can hold for i/ in a set of measure zero. 

□ 

Recall that an element g of G is called elliptic if it lies in a compact Cartan 
subgroup. Since the following relies on results of Harish- Chandra which were 
proven under the assumption that G is of inner type, we will from now on 
assume this. 

Theorem 2.3.2 Assume that G is of inner type. Let g be a semisimple 
element of the group G. If g is not elliptic, then the orbital integral Og{fr) 
vanishes. If g is elliptic we may assume g & T, where T is a Cartan in K 
and then we have 

0,{fr) = tr r{g) c-'\W{i,Q,)\ J] 
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where Cg is Harish- Chandra's constant, it does only depend on the centralizer 
Gg of g. Its value is given in li.il 

Proof: The vanishing of Og{fr) for nonelhptic semisimple g is immediate 
by the lemma above and Theorem I1.3.31 So consider g G T fl G", where 
G' denotes the set of regular elements. Note that for regular g the claim is 
Og{fr) = ti T{g). Assume the claim proven for regular elements, then the 
general result follows by standard considerations as in [HU], p. 32 ff. where 
however different Haar-measure normalizations are used that produce a factor 
[Gg : Gg], therefore these standard considerations are now explained. Fix 
g & T not necessarily regular. Let y G T° be such that gy is regular. Then 

ti r{gy) = / f^{x'^gyx)dx 
Jt\g 

fr{x~^gyx)dx 

TO\G 

= / fr{x~^ gyzx) dz dx 

Jg,\G JTO\Gg 

= 77^ — 7^ / fr{x'^V'^z-^gyzr]x) dz dx. 

■^G^\Gr,:G,/GO i'^a-^gl Jto\go 

The factor ,„ -^^ni comes in by the Haar-measure normalizations. On G° 
consider the function 

Now apply Harish-Chandra's operator uJCg to h then for the connected group 
G° it holds 

qO 

h{l) = liniCGO ujgo Oy'{h). 

When y tends to 1 the ?7-conjugation drops out and the claim follows. 

So in order to prove the proposition one only has to consider the regular 
orbital integrals. Next the proof will be reduced to the case when the compact 
Cartan T meets all connected components of G. For this let G^ = TG^ 
and assume the claim proven for G^ . Let x E G then xTx~^ again is a 
compact Cartan subgroup. Since G^ acts transitively on all compact Cartan 
subalgebras it follows that G^ acts transitively on the set of all compact 
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Cartan subgroups of G. It follows that there is a y e such that xTx ^ — 
yTy~^ C TG^ — G~^, which implies that G~^ is normal in G. 

Let — r\G+nK and the corresponding Euler-Poincare function on G+. 
Lemma 2.3.3 /++ = Mg+ 

Since the Euler-Poincare function is not uniquely determined the claim reads 
that the right hand side is a EP- function for G+. 

Proof: Let t+ ^t\k+, where K+ = TK^ ^ K nG+. Let ip+ e {C^{G+) ® 
K)^^, which may be viewed as a function : — > K with (fi'^{xk) — 
r(A;"^)(/?+(x) for x e G^, k G K^. Extend (p+ to if : G ^ Vr hy ip{xk) = 
Tlk~^)ip+lx) for X eG+, ke K. This defines an clement of iC^{G) ® K)^ 
with v5|g+ = Since C,- is a differential operator it follows /(Ct-)(^|(3+ = 

/(C^)93+, SO 

(</'*/t)|g+ =</^'*"*/r+- 

Considering the normalizations of Haar measures gives the lemma. □ 



For g e T' we compute 

^gifr) = / fr{x'^gx)dx 

Jt\g 

^ \n ^n+^ I fT{x-^y~^gyx)dx, 

where the factor stems from normalization of Haar measures and we 

have used the fact that is normal. The latter equals 

^ ■ J y:G/G+ ^ ■ J y:G/G+ 

Assuming the proposition proven for G+, this is 



L ' y:G/G+ 

From now on one thus may assume that the compact Cartan T meets all 
connected components of G. Let (tt, V^.) e G. Harish- Chandra has shown 
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that for any (f G C^{G) the operator 7r(y9) is of trace class and there is a 
locally integrable conjugation invariant function B,r on G, smooth on the 
regular set such that 



tr T[{ip) = / ip{x)QT,{x)dx. 
Jg 

For any ^ G C°°{K) let 7r|^(V') = Jj^tp{k)7i{k)dk. 

Lemma 2.3.4 Assume T meets all components of G. For any ip G C°^{K) 
the operator tt\k{iP) is of trace class and for ip supported in the regular set 
K' = K n G' we have 



tr7r|i^(^) = / i){k)Q^{k)dk. 
Jk 

(For G connected this assertion is in \^ p.l6.) 



Proof: Let K- = ©j Kr(0 be the decomposition of K- into i^-types. This is 
stable under tt\k{'iP)- Harish-Chandra has proven {ii\k '■ t] < dimr for any 
T E K. Let ip = J2j i^j be the decomposition of ip into -ft^-bitypes. Since ip 
is smooth the sequence || tpj ||i is rapidly decreasing for any enumeration of 
the -ft^-bitypes. Here || ip ||i is the L^-norm on K. It follows that the sum 
J2i tr (7r|i^('?/')|V^(z)) converges absolutely, hence 7i\k{iP) is of trace class. 

Now let S = exp(po) then S* is a smooth set of representatives of G/K. Let 
G.K = Ug<zGgKg^^ = UsessKs~^, then, since G has a compact Cartan, the 
set G.K has non-empty interior. Applying the Weyl integration formula to 
G and backwards to K gives the existence of a smooth measure fi on S and 
a function D with D{k) > on the regular set such that 

/ (p{x)dx = / / (p{sks^^)D{k)dkd(j,{s) 
J G.K Js Jk 

for (p G L^{G.K). Now suppose ip G C^(G') with support in the regular set. 
Then 

ini{ip) = I ip{x)QT,{x)dx 
Jg.k 

ip{sks-^)D{k)eMMs) 
^'{k)dfi{s)D{k)e^{k)dk, 




S JK 




K Js 
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where we have written (p^{k) — (p{sks On the other hand 

tr7r((^) = tr / ip(x)7r{x)dx 

JG.K 

= tr / / ip{sks-^)D{k)T:{sks-^)dkdii{s) 
Js Jk 

Js 



tr7r|i<:((^*£))ci//(s) 

= trnlK (^J (p''diJ,{s)D^ . 

This implies the claim for all functions G C^{K) which are of the form 

Tpik) = / ip{sks-'^)dfx{s)D{k) 
Js 

for some (p e C^{G) with support in the regular set. Consider the map 

F : S xK' G.K' 

{s, k) I— > sks~^ 

Then the differential of F is an isomorphism at any point and by the inverse 
function theorem F locally is a diffeomorphism. So lei U <Z S and W C K' 
be open sets such that F\uxw is a diffeomorphism. Then let a e C^{U) and 
P e C^{W), then define 

(/)(sfcs-^) = a{s)p{k) iiseU, keW 

and ip{g) = if (? is not in F[U x W). We can choose the function a such 
that Jga{s)diJ,{s) = 1. Then 



ip{sks-^)dii{s)D{k) =p{k)D{k). 

Since P was arbitrary and D{k) > on K' the lemma follows. □ 

Let W denote the virtual /T-representation on A^^'^^p <S>Vr — A°'^p (g) K and 
write xw for its character. 
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Lemma 2.3.5 Assume T meets all components of G, then for any vr G G 
the function Qt^Xw on K' = K (IG' equals a finite integer linear combination 
of K -characters. 

Proof: It suffices to show the assertion for r = 1. Let ip be the homo- 
morphism K ^ 0{p) induced by the adjoint representation, where the or- 
thogonal group is formed with respect to the Kilhng form. We claim that 
(p{K) C 5'0(p), the subgroup of elements of determinant one. Since we as- 
sume K = K^T it suffices to show ^{T) C SO{p). For this let t & T. Since 
t centralizes t it fixes the decomposition p = (BaPa into one dimensional root 
spaces. So t acts by a scalar, say c on pa and by on p_a. There is X G pa 
and y G p_Q, such that B[X, Y) = 1. By the invariance of the Killing form 
B we get 

1 = B{X,Y) = B{Ad{t)X,Ad{t)Y) = cdB{X,Y) = cd. 

So on each pair of root spaces Ad{t) has determinant one hence also on p. 

Replacing G by a double cover if necessary, which doesn't effect the claim 
of the lemma, we may assume that if lifts to the spin group Spin(p). Let 
p = p^ © p^ be the decomposition according to an ordering of 0(t, g). This 
decomposition is a polarization of the quadratic space p and hence the spin 
group acts on = A'^^'^^p^ and 5"" = A^'^'^p"'" in a way that the virtual 
module (S""*" — S^) ® (5*+ — S^) becomes isomorphic to W. For K connected 
the claim now follows from (4.5). An inspection shows however that the 
proof of (4.5) in 0, which is located in the appendix (A. 12), already applies 
when we only assume that the homomorphism factors over the spin group. 

□ 

We continue the proof of the proposition. Let T denote the set of all unitary 
characters of T. Any regular element t & T gives rise to a discrete series 
representation {to, Vu,) of G. Let 6j = Q^j be its character which, due to 
Harish-Chandra, is known to be a function on G. Harish-Chandra's con- 
struction gives a bijection between the set of discrete series representations 
of G and the set of W{G, T) = W{K, T)-orbits of regular characters of T. 

Let denote the set of positive roots of (g, t) and let $^ denote the 
subsets of compact and noncompact positive roots. For each root a let t ^— 
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denote the corresponding character on T. Define 

'Ac(t) = 
'A. = 11(1 

and 'A =' A^A^. If t G T is singular, Harish- Chandra has also constructed 
an invariant distribution which is a virtual character on G. For t singular 
let W{t) C W{Q,i) be the isotropy group. One has = E«,eVK(t) 
with £ the character of an induced representation acting on some Hilbert 
space 14) £ ci-nd e{w) G {±1}- Let 82(0) denote the set of discrete series rep- 
resentations of G and i^KG) the set of W{G, T)-orbits of singular characters. 

By Theorem 11.3.31 the proposition will follow from the 




Lemma 2.3.6 For t G T regular we have 



Proof: Let 7 denote the virtual /^-representation on {A^^^"'p — A°'^'^p) ® 
Harish-Chandra has shown (j^Uj Theorem 12) that for any t eT there is an 
irreducible unitary representation vr? such that 0£ coincides up to sign with 
the character of vr? on the set of elliptic elements of G and if and 

only if there is a w G (G, T) = W{K, T) such that i' = wi. 

Further ([10], Theorem 14) Harish-Chandra has shown that the family 

^A(t)e,(t) 

forms an orthonormal basis of L'^{T). Here we identify T /W{G,T) to a set 
of representatives in T to make well defined. 
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Consider the function g{t) = ,1 x = trr(t) 'A(t). Its coefficients with 



tT-yjt) 'Ac{t) 
'A„(t) 

respect to the above orthonormal basis are 
'A0 



= ^/\W{G,T)\ [ ii -i{k)Qjk)dk 



K 



where we have used the Weyl integration formula for the group K and the 
fact that W{G,T) = W{K,T). Next by Lemma ITTHl this equals 

V|Vr(G, T)| dim((A^"^"p - A°^^p) ® r ® vr?)^ = ^\WiG,T)\Qi{f^). 

Hence 

g{t) = trr(t)'A(t) 

ief/W{G,T) 



The lemma and the proposition are proven. □ 

Corollary 2.3.7 If g & G is semisimple and not elliptic then Og{gr) = 0. 
If g is elliptic regular then 

'^^^^ ti {~g\s+-s-y 

Proof: Same as for the last proposition with gr replacing fr. □ 

Proposition 2.3.8 Assume that r extends to a representation of the group 
G on the same space. For the function fj. we have for any tt G G: 

dim g/t 

tr 7r(/,) = Yl (-irdim Ext[^ ,,)(K, K), 

p=0 

i.e., fr gives the Euler-Poincare numbers of the {q, K)-modules {Vr,V-„), this 
justifies the name Euler-Poincare function. 
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Proof: By definition it is clear that 

dim p 

tr 7r(/,) = J2{-iydim HP{g,K,V,®V^). 
The claim now follows from ^Ul; P- 52. □ 



Chapter 3 

The Selberg trace formula 



In this chapter we will fix the basic notation and set up the trace formula. 
For compactly supported functions this formula is easily deduced. In the 
sequel we however will need it for functions with noncompact support and 
therefore will have to show more general versions of the trace formula. 

Let G denote a real reductive group. 



3.1 The trace formula 

Let r C G be a discrete subgroup such that the quotient manifold r\G is 
compact. We say that F is cocompact in G. Examples are given by non- 
isotropic arithmetic groups [BJ. Since G is unimodular the Haar measure 
on G induces a G-invariant measure on F\G, so we can form the Hilbert 
space L^(F\G) of square integrable measurable functions on F\G modulo 
null functions. More generally, let {u, Kj) be a finite dimensional unitary 
representation of F and let L^(F\G, a;) be the Hilbert space of all measur- 
able functions f : G ^ such that /(7a;) = uj{'y)f{x) for all 7 G F and all 
X & G and such that 
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modulo null functions. The scalar product oi f,g E L^(r\G, a;) is 

if: 9) = / {f{x),g{x))dx, 
Jt\g 

where (., .) is the scalar product on V^. Let C°°(r\G, a;) be the subspace 
consisting of smooth functions. 

The group G acts unitarily on L?{T\G,uj) by 

R{y)(p{x) = (p{xy) 

for x.y E G and G L'^{r\G,uj). Let vr be any unitary representation of G, 
any / e L^iG) defines a bounded operator 

= / f{x)TT{x)dx 

Jg 

on the space of tt. We apply this to the case n = R. Let C^iG) be the 
space of all smooth functions of compact support on G. Let / e C^{G), 
(/? e L^(r\G, a;). Fix a fundamental domain C G for the F-action on G 
and compute formally at first: 

R{f)^{x) = / f{y)ip{xy)dy 
Jo 

= / f{.x'^y)v{y)dy 
Jg 

= XI / f(^~^y)'p(y)dy 

= / kf{x,y)^p{y)dy, 
Jr\G 

where kf{x,y) — "^^^zr fi^'^iy)^^)- Since / has compact support the 
latter sum is locally finite and therefore defines a smooth Schwartz kernel 
on the compact manifold r\G. This implies that the operator R{f) is a 
smoothing operator and hence of trace class. 
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Since the convolution algebra contains an approximate identity we can 
infer that the unitary G-representation R on L^(r\G,a;) decomposes into a 
direct sum of irreducibles, i.e., 

L\r\G,u;) - 07Vr^,(7r)7r 

ttGG 

with finite multiplicities N-p^wi'^) G Nq. Moreover, the trace of R{f) is given 
by the integral over the diagonal, so 

tri?(/) = / tj:kf{x,x)dx, 
Jr\G 

where the trace on the right hand side is the trace in End(K;). We plug in 
the sum for kf and rearrange that sum in that we first sum over all conjugacy 
classes in the group T. We write and for the centralizers of 7 G F in 
r and in G resp. 

tri?(/) = 5^tra;(7) / f{x-'^x)dx 

= X] ^^^(7) / f{{crx)-^-fax)dx 

[7] <xGr/r^ 

= y'tru;(7) / f{x'^-fx)dx 
T7 Jr-,\G 



[7] 

= 5^tra;(7)vol(r^\G^)0^(/), 

[7] 

where 0^{f) is the orbital integral. We have proved the following proposition. 

Proposition 3.1.1 For f G C^{G) we have by absolute convergence of all 
sums and integrals: 

^iVr,.(7r)tr7r(/) = ^ tr^(7)vol(r,\G)0^(/). 

TTSG [7] 

□ 



All this is classical and may be found at various places. For our applications 
we will need to extend the range of functions / to be put into the trace 
formula. For this sake we prove: 
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Proposition 3.1.2 Suppose f e C^^iG) with N > and suppose that 

Df G L^{G) for any D e U{q) with deg{D) < 2N. Then the trace formula 
is valid for f . 

Proof: We first prove this under the additional assumption that either / > 
or that the geometric side of the trace formula converges for a; = 1 and with 
/ replaced by the absolute value |/|. 

We consider U (g) as the algebra of all left invariant differential operators on 
G. Choose a left invariant Riemannian metric on G and let A denote the 
corresponding Laplace operator. Then A G U{q) and thus it makes sense 
to write -R(A), which is an elliptic differential operator of order 2 on the 
compact manifold r\G, essentially selfadjoint and non-negative. The theory 
of pseudodifferential operators implies that R{A + has a C^-kernel and 
thus is of trace class. Let g — {A + 1)^/ then g G L^{G), so R{g) is defined 
and gives a continuous linear operator on the Hilbert space L^(r\G, ip). We 
infer that R{f ) = R{A + l)~'^R{g) is of trace class. 

Let X '■ [05Oo[— ^ [0, 1] be a monotonic C^^-function with compact support, 
X = 1 on [0,1] and \x^''\t)\ < 1 for A; = 1, . . . , 2iV. Let hnix) := 
for a; G G, n G N. Then \Dhn{x)\ < ^ for any D G qU{q). Let = 
then fn /locally uniformly. 

Claim. For the L^-norm on G we have 

II Dfr^-Df lli^O 
as n ^ oo for any D G U{q) of degree < 2N. 

Proof of the claim: By the Poincare-Birkhoff-Witt theorem D[fn) = D[hnf) 
is a sum of expressions of the type Di{hn)D2{f) and Di can be chosen to be 
the identity operator or in qU{q). The first case gives the summand hnD{f) 
and it is clear that || Df — hnDf \\i tends to zero as n tends to infinity. For 
the rest assume Di G qU{q). Then \Di{hn){x)\ < - hence || Di{hn)D2{f) ||i 
tends to zero because i^2(/) is in The claim follows. 

To prove the lemma we estimate the operator norm as 

II i?((A + 1)^/0 - i?((A + 1)^/) II < II (A + - (A + 1)^/ IK 
the latter tends to zero according to the claim proven above. Denoting the 
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trace norm by || . ||tr we infer 

II R{fn)-R{f) Wtr 

=11 RiA + l)-^(i?((A + ifU) - R{{A + Iff)) Wtr 

<\\ R{A + 1)-^ ||,,|| R{{A + - R{{A + 1)^/) II 

which tends to zero. Therefore tri?(/„) tends to tri?(/) as n — > oo. It 
follows 

J2NTA^)tr7rif) = tiRif) 
TveG 

= limtri?(/„) 

n 

= limJ]trcu(7)vol(r^\G'^)0^(/„) 

[7] 

= 5^tra;(7)vol(r^\G^)0^(/) 

[7] 

which follows by dominated convergence if / satisfies the second condition 
in the proposition. If / satisfies the first condition we first conclude the 
statement for a; = 1 by monotonic convergence, since then /„ converges to / 
monotonically from below. Then also the convergence of the geometric side 
of the trace formula for c<j = 1 follows and the general statement is inferred 
by dominated convergence again. 

This shows the proposition in the case that the additional assumption holds. 
Now let / be arbitrary. First there is / G C^'^(G) such that / > |/|. To 
construct such a function one proceeds as follows. First choose a smooth 
function 6 : R — > [0, 00) with b{x) = \x\ for \x\ > 1 and b{x) > \x\ for every 
X. Next let b{e,x) = eh{x/e) for £ > 0. Choose a function h E C'^'^{G) with 
< h{x) < 1 and let f{x) = h{h{x)J{x)). Then / G C^^iG) and / > |/|. 
By (a) the trace formula is valid for /, hence the geometric side converges 
for /, so it converges for |/|, so, by (b) the trace formula is valid for /. □ 
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Chapter 4 



The Lefschetz formula 



In this chapter G will be a connected semisimple Lie group with finite center. 



4.1 Setting up the formula 



Let C G be a maximal compact subgroup with Cartan involution 9. Let 
X = G/K denote the symmetric space attached to G. Let H G G he a. 
Cartan subgroup. Modulo conjugation we may assume that H is stable under 
9. Then H — AB, where A is a connected split torus and S is a subgroup 
of K. The double use of the letter B for the group and a bilinear form on 
the Lie algebra will not cause any confusion. Fix a parabolic subgroup P 
of G with split component A. Then P = MAN where N is the unipotent 
radical of P and M is reductive with compact center and finite component 
group. The choice of the parabolic P amounts to the same as a choice of a 
set of positive roots = ^"""(s, d) in the root system a) such that for 
the Lie algebra n = Liec{N) we have n = 0„e$+ 0^- Let n = 0„g$+ g-a, 
Uo = nflgo ^-iid ^ = exp(no) then P = MAN is the parabolic opposite to P. 
The root space decomposition then writes as0 = o©m©n©fi. Let pp be 
the half of the sum of the positive roots, each weighted with its multiplicity, 
i.e., for a e A we have a^^^ — det(a|n). Let A~ C A denote the negative 
Weyl chamber corresponding to that ordering, i.e., A~ consists of all a e ^4 
which act contractingly on the Lie algebra n. Further let A^ be the closure 
of ^4" in G, this is a manifold with boundary. Let Km be a maximal compact 
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subgroup of M. We may suppose that Km = M Ci K and that Km contains 
B. Fix an irreducible unitary representation (r, VV) of Km- 

Let L be a Lie group. An element x of L is called neat if for every finite 
dimensional representation t] of L the linear map t]{x) has no nontrivial root 
of unity as an eigenvalue. A subset A of L is called neat if each of its 
members are. Every neat subgroup is torsion free. Every arithmetic group 
has a subgroup of finite index which is neat [H]. 

Lemma 4.1.1 Let x & L be semisimple and neat. Let denote the cen- 
tralizer of x in L. Then for each A; G N the connected components of and 
L^k coincide. 

Proof: It suffices to show that the Lie algebras coincide. The Lie algebra 
of is just the fixed space of Ad(a;) in Lie(L). Since Ad(a;) is semisimple 
and does not have a root of unity for an eigenvalue this fixed space coincides 
with the fixed space of Ad(x'^). The claim follows. □ 

Let r C G denote a cocompact discrete subgroup which is neat. Since F is 
torsion free it acts fixed point free on the contractible space X and hence F 
is the fundamental group of the Riemannian manifold 

Xr = F\X = T\G/K 

it follows that we have a canonical bijection of the homotopy classes of loops: 

[5^ : Xr] F/conjugacy. 

For a given class [7] let X^ denote the union of all closed geodesies in the 
corresponding class in [S^ : Xr]. Then X^ is a smooth submanifold of Xr^ 
P?] . indeed, it follows that 

where and F^ are the centralizers of 7 in G and F and K^ is a maximal 
compact subgroup of G^. Further all closed geodesies in the class [7] have 
the same length l^. 

Lemma 4.1.2 For 7 G F and n E N we have X^n = X^. 
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Proof: By the last lemma we have for the connected components, = G'^n . 
By definition one has that X^n is a subset of X^. Since both are connected 
submanifolds of Xr they are equal if their dimensions are the same. We have 

dim X^ = dim G^/K^ 
= dimGO/i^o 
= dimG^n/ir^^ 
= dim G^n j K^n 
= dim X^n. 

□ 



Let Sp(T) denote the set of all conjugacy classes [7] in F such that 7 is in G 
conjugate to an element a^b^ of A~B. 

Take a class [7] in £p{T). Then there is a conjugate H^ = A^B^ of H that 
contains 7. Then the centralizer projects to a lattice Fyi^^in the split part 
A^. Let be the covolume of this lattice. 

Let {uj, V^) be a finite dimensional unitary representation of F. 

For any module V of the Lie algebra n let H'^{n, V), q = 0, . . . , dimn denote 
the Lie algebra cohomology [TUj. If tt G G then H'^{n,nx) is an admissible 
(a © m, -ft'M)-module of finite length [IHj . 



Theorem 4.1.3 (Lefschetz formula) Let (p be smooth and compactly sup- 
ported on A^ . Assume that M is orientation preserving or that r lies in the 
image of the restriction map res^ . Then the expression 



henceforth referred to as the global side, equals 



-1)^'-^ \ X{A,\X,) tr..(7) 

[7]e£-p(r) 



det(l — a^b^\x\) 



called the local side, where x(y4^\X^) denotes the Euler characteristic of the 
manifold A^\X^. 



50 



The proof will be given in section 

We will give a reformulation of the theorem and for this we need the following 
notation. Let \^ be a complex vector space on which A acts linearly. For 
each A G a* let V^'^ denote the generalized A-eigenspace in V, i.e., consists 
of all V E V such that there is n G N with 

(a-a^)"t; = 

for every a G A. The theorem above is equivalent to the following 



Theorem 4.1.4 Assume that M is orientation preserving or that t lies in 
the image of the restriction map res;^^^ . Then we have the following identity 
of distributions on A^ . 

ttGG ^go* [7]G£-p(r) 

Here mx^n) equals 

The sum indeed is finite for each Ago*. Further, for [7] G Sp{r) we set 

= A^ X A\^7 tro; 7 . i 

det (1 — a-yO-y |n) 



Corollary 4.1.5 Let (f be smooth and compactly supported on A . Then 
equals 

^ \ X{A^\X^) trcj(7) V9(a^)trr(6y). 
[7]G£-p{r) 
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Proof: Let A^'n = 0jg7,, Vj be the decomposition of the adjoint action of 
the group M into irreducible representations. On Vj the torus A acts by a 
character \j. We apply the theorem to r replaced by r © VjIkm 
replaced by ip{a)Xj{a). We sum these over j and take the alternating sum 
with respect to r. On the local side we apply the identity 

dim Af 

(— l)'"tr {a^h^\ A'' n) = det(l — a^b^\n) 

r=0 

to get exactly the local side of the corollary. On the global side we need to 
recall that the i^T^-module A'"n is self dual. The corollary follows. □ 



4.2 Euler characteristics 

Let L be a real reductive group and suppose there is a finite subgroup E 
of the center of L and a reductive and Zariski-connected linear group C 
over M such that L/E is isomorphic to a subgroup of £(M) of finite index. 
Note that these conditions are satisfied whenever L is a Levi component of 
a connected semisimple group G with finite center. Let Kl be a maximal 
compact subgroup of L and let F be a cocompact discrete subgroup of L. Fix 
a nondegenerate invariant bilinear form on the Lie algebra [q of L such that 
B is negative definite on the Lie algebra of Kl and positive definite on its 
orthocomplement. Let 6 be the Cartan involution fixing Kl pointwise then 
the form —B{X,6{Y)) is positive definite and thus defines a left invariant 
metric on L. For any closed subgroup Q we get a left invariant metric on Q. 
The volume element of that metric gives a Haar measure, called the standard 
volume with respect to i? on Q. 

Let now H he a ^^-stable Cartan subgroup, then H = AB, where A is a 
connected split torus and B C Kl is a Cartan of Kl- On the space L/H we 
have a pseudo-Riemannian structure given by the form B. The Gauss-Bonnet 
construction ([2n] sect. 24 or see below) generalizes to Pseudo-Riemannian 
structures to give an Euler- Poincare measure r] on L/H. Define a (signed) 
Haar-measure by 



= 1] ^ (normalized Haar measure on H) . 
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Let W = W{L, H) denote the Weyl group and let Wc = W{Lc, He) be the 
Weyl group of the complexifications. Let the generic Euler characteristic be 
defined by 



\W\ 



Write Xr = T\L/K. 



Lemma 4.2.1 If H is compact and T is torsion-free, then the generic Eu- 
ler characteristic equals the ordinary Euler characteristic, i.e., XgeniXr) = 
xiXr). 

Proof: In this case we have H = B. The Gauss-Bonnet Theorem tells us 

yi{T\L/B) = x{T\L/B). 
Now r\L/B —>■ T\L/Kl is a fiber bundle with fiber K^/B., therefore we get 

X{T\L/B) = x{T\L/Kl)x{Kl/B). 
Finally the Hopf-Samelson formula says x{^l/B) = \W\. □ 

For the next proposition assume that A is central in L, L = ALi where Li 
has compact center and that F is neat. Let C denote the center of L, then 
A C C and C = ABc, where Be = B CiC. Let L' be the derived group of L 
and let F' = L' fl FC and Tc = F fl C then by Lemma 3.3 in jSU] we infer that 
F(7 is a torsion free cocompact subgroup of C and F' is a cocompact discrete 
subgroup of L'. Note that F being neat and C Zariski connected implies that 
F' is torsion-free modulo the center of L'. Let Ta_ = AnTcBc the projection 
of Tc to A. Then F^ is discrete and cocompact in A. 

Proposition 4.2.2 Assume F is neat and A is central in L then A/T^ acts 
freely on Xr and XgeniXr) = xiA\Xr)vo\{A/TA) . 

Proof: The group Ar = A/Ta acts on T\L/B by multiplication from the 
right. We claim that this action is free, i.e., that it defines a fiber bundle 

Ar T\L/B T\L/H. 
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To see this let TxaB = TxB for some a E A and x E L, then a = x'^jxb 
for some 7 G F and b & B. Writing 7 as 'y'a^b^ with 7' G F' and G A and 
6-y G -B we conclude that 7' must be elliptic, hence in the center of L', which 
is a subset of B. Prom a = a^b^b it follows that a — a^, hence the claim. 

In the same way we see that we get a fiber bundle 

Ar ^ r\L/KL ^ Ar\L/KL. 
We now apply the Gauss- Bonnet theorem to conclude 



XgeniXr) = vo1(A/Fa) 
= vol(^/F^ 
= vol(A/F^ 



\W\ 
x{r\L/H) 
x{Kl/B) 
X{AT\L/B) 



x{Kl/B) 
= vo\{A/rA)x{Ar\L/KL). 

The proposition is proven. □ 

We will compute Xgeni^r) in terms of root systems. Let $ denote the root 
system of (I, f)), where [ and () are the complexified Lie algebras of L and 
H. Let be the set of noncompact imaginary roots and choose a set 
of positive roots such that for o; G nonimaginary we have that q;"^ G 
Let u = dim L/Kl — rankL/Ki, let p denote the half of the sum of all 
positive roots. For any compact subgroup U of L let v{U) denote the standard 
volume. 

Theorem 4.2.3 The generic Euler number satisfies 

y (X) - (-l)""'l^cin....(p,c.).(ii-.) 
XgeniXr) - ^2nr^\\W\2^/MB) ^ 

= cl'\Wc\ n (p,«)vol(F\L), 

Qg<I> + 

where cl is Harish- Chandra's constant, i.e., 

CL = {-l)\^i\{2ny^^\2'^/'4^\^\- 
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So, especially in the case when T is neat and A is central we get 

Proof: On the manifold L/H the form B gives the structure of a pseudo- 
Riemannian manifold. Let P denote the corresponding SOp^q fiber bundle, 
where (p, g) is the signature of B on Iq/^Io- Let ip : H ^ ^Op,q denote the 
homomorphism induced by the adjoint representation. We the have P = 
L x^SOp^q. A connection on P is given by the L-invariant connection 1-form 

u;\A + ^CaXa] = A, Aeso{p,q), 



where we have used Bf,P = so{p,q) © ((©aSa) ^Qo)- By an inspection in 
local charts one finds the following formula for the L-invariant 2-form du: 

duj{e) Ia + Y^ CaXa, A' + J2 (^'aXa J = [A, A'] - CaC'a^A. 
\ a a / a 



Let n = du and let Pf be the Pfaffian as in j25] 24.46.10. Let J be the 
diaginal matrix diag(l, . . . , 1, —1, . . . , —1) with p ones and q minus ones and 
let P{X) = PfiJX). Write this as 



P(X) = (27r)-™5^XhA,,,...X,„,fc„, 

h,k 

where m — |(p + g) G N. Let 

Fin) = (27r)-™5^Xh,A„,,A---Afi,„,,^. 

h,k 

There is a unique G-invariant form Fsi^) on L/H which at the origin is 
the puUback of F{VL) with respect to a section s : L/H ^ P. Writing 
Vt = Vti — with 

\ a a / 
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we get 

Fsin) = Fsi-n,) = i-irFsm. 

We call this form rj. On the space CXa + CX_q, we have that 

with respect to the basis (Xq,,X_q,). Let ai, . . . , be an enumeration of 
$+, then 

o-GPer(<I>) 

where 

We end up with 

qG<I>+, (TePer($+) 

= {2Trr{-ir\wc\ n (P'«R- 

Comparing rj with the standard measure given by the form B gives the claim. 

□ 



4.3 Proof of the Lefschetz formula 

The notations are as in section WT\ Let G act on itself by conjugation, write 
g.x = gxg~^, write G.x for the orbit, so G.x = {gxg~^\g G G} as well as 
G.S = {gsg~^\s E S, g E G} for any subset S of G. We are going to consider 
functions that are supported in the set G.{MA~). By Theorem 12.1.21 there 
exists an Euler-Poincare function /^^ G C^{M) to the representation r. 

For g E G and V any complex vector space on which g acts linearly let 
E{g\V) C M; be defined by 



= {|yu| : /i is an eigenvalue of g on V}. 
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Let Xminig\V) := mm{E{g\V)) and Xmaxig) ^^iE{g\V)) the minimum 
and maximum. 



For am e AM define 



X[am) :-- 



Note that A^aa;(m|0) is always > 1 and that Xmax{'>TT'\d)'^min{'>TT'\Q) = 1- We 
will consider the set 

(^M)~ := {am e AM\X{am) > 1}. 

Let Meii denote the set of elliptic elements in M. 

Lemma 4.3.1 The set (AM)~ has the following properties: 

1. A-Meii C (AM)- 

2. am e (AM)- ^ a E A' 

3. am, a'm' e (AM)-, g & G with a'm' = gamg~^ ^ a = a',g & AM. 

Proof: The first two arc immediate. For the third let am, a'm' e (AM)~ 
and g ^ G with a'm' = gamg^^. Observe that by the definition of (AM)'" 
we have 



> 


Xmin ( 


'a\n)Xrainim\g) 


> 


Xmax ' 


{mlsf Xmin{m\d) 




Xmax ' 


(m|0) 


> 


Xmax ' 


{m\a + m + n) 


> 


Xmax^ 


(am a + m + n) 



that is, any eigenvalue of am on n is strictly bigger than any eigenvalue on 
o + m + n. Since g = a + m + n + n and the same holds for a'm', which 
has the same eigenvalues as am, we infer that Ad(gi)n = n. So gi lies in the 
normahzer of n, which is P = MAN — NAM. Now suppose g — nmiai and 
m — mimm^^ then 

gamg~^ = narfin'^ = am {am)~^n{am) n~^. 
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Since this lies in AM we have (am) ^n{arh) = n which since am G (AM)"" 
imphes n = 1. The lemma is proven. □ 

Fix a smooth function rj on N which has compact support, is positive, invari- 
ant under Km and satisfies ri{n)dn = 1. Extend the function (f from A~ to 
a conjugation invariant smooth function ip on AM such that ip{am) = (p{a) 
whenever m is elliptic and such that there is a compact subset C C A'~ 
such that ip is supported in CM H (AM)^. This is clearly possible since the 
support of if is compact. It follows that the function 

am ^ MjTTi FT 

det(l — am\n) 

is smooth and compactly supported on AM. Given these data let / = fri,T,ip '■ 
H ^ Che defined by 

fiknmaikn)-') := r^(n)/f (m) f^f 

det(l — [ma)\n) 

ioT k e K,n e N,m e M,a e A^. Further f{x) = if x is not in G.{AM)^. 
Lemma 4.3.2 The function f is well defined. 

Proof: By the decomposition G = KP = KNMA every element x G 
G.(y4M)~ can be written in the form knma{kn)~^ . Now suppose two such 
representations coincide, that is 

knmaikn)^^ = k'n'm' a' {k'n')~^ 

then by Lemma lOTTl we get {n'Y^{k')~'^kn G MA, or {k'y^k G n'MAn"'^ C 
MAN, hence {k')-^k e Kn MAN = KnM = Km- Write {k')-^k = kM 
and n" = kMnk^, then it follows 

n"kM'mk]^}a{n")~^ = n'm' a' {n')~~^ . 

Again by Lemma f4. 3. II we conclude {n')~^n" G MA, hence n' = n" and so 

kMfnkpja = m'a', 

which implies the well-definedness of /. □ 
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We will plug / into the trace formula. For the geometric side let 7 G F. We 
have to calculate the orbital integral: 

0,if) = [ fix-'^x)dx. 

by the definition of / it follows that 0^{f) = if 7 ^ G.{AM)^. It remains 
to compute Oamif) for am G (AM)^. Again by the definition of / it follows 



OamU) = OZU'r 



det ( 1 — ma \ n) 

where denotes the orbital integral in the group M. 

Since only elliptic elements have nonvanishing orbital integrals at it fol- 
lows that only those conjugacy classes [7] contribute for which 7 is in G 
conjugate to a^h^ G A~B. Recall that Theorem 14.2.31 savs 

V0l(F,\G,) = x{A,\X,)\ \y^ in (n r.y 

By Theorem 12.3.21 we on the other hand get 



so that 



cg^ det(l — a^t^\n) 



vo\{T,\G,)0,if) = xiA,\X,)X,tTr{b,)- ^^""^^ 



det(l — a^b^\n) 

It follows that the geometric side of the trace formula coincides with the 
geometric side of the Lefschetz formula. 

Now for the spectral side let vr G G. We want to compute tr7r(/). Let 9^ 
be the locally integrable conjugation invariant function on G such that 

G 



tr7r(/) = / /(x)e^(x)cia;. 



To evaluate tr7r(/) we will employ the Hecht-Schmid character formula 
For this let 

{AM)~ = interior in MA of the set 
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[g e MA|det(l - ga\n) > for all a G A'} . 

The main result of [45^ is that for ma G (AM)^ fl C'^^, the regular set, we 
have 



det(l — am\n) 

Let / be supported on G.{MA~), then the Weyl integration formula implies 
that 

/ f{x)dx= / / f{gmag~^)\det{l — main (B n) dadmdg. 

JG Jg/MA J ma- 

So that for vr G G: 

tr7r(/) = / Q^{x)f{x)dx 

JG 

0^ (ma) /^^(m)<^ (am) I det(l — ma |n)| dadm 

MA- 

„ dim TV 

Jma- 

|det(l - am|n)| 

X— — -—Lp[am) dadm. 

det(l — am|n) 

Now we find that 

|det(l -am|n)| = (-l)^"^^det(l - am|n) 

= (-l)^"^^a-2''^det(a-i -m|n) 

= (-l)'^'"^^a-2''^det((am)-^ - l|n) 

= a-2^^det(l - (am)-^|n) 

= a"2^^det(l - am|n) 



so that 

tr7r(/) 



dim TV 



/ (m) E {'irQZn,-^,){am)a-'''-^{am)dadm. 

Jma- 

We have an isomorphism of (a © m, i^Af) -modules [45] 
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This implies 

dim N dim N 

p=0 p=0 

And so 

„ dim Af 

tr7r(/) = / /f(m) E(-ir''°^'^0H^(n,..)(«H<^M^«^^- 

Let B = Hi, . . . . H,i he the conjugacy classes of Cartan subgroups in M. By 
the Weyl integration formula the integral over M is a sum of expressions of 
the form 



/^(a; ^hx)Q^^(^J^^^{x ^hax)(p{x ^hax)dxdh 
^ f f f^''{x-'hx)Q^.%^^^){haMha)dxdh 

J Hj J M/Hj 
JHj 

where we have used the conjugacy invariance of 0^f/(n^^) and (p. The orbital 
integrals Off{f^) are nonvanishing only for h elliptic, so only the summand 
with Hj = Hi = B survives. In this term we may replace (p{ha) by <^(a) so 
that we get 

„ dimAf 

tr7r(/) = / (m) E (-ir'''^''0H4n,.,)Mv^(«)rf«^m 

= E (_i)P+9+dimiv I ^^a)ix{a\{H\n,T:K) ® A^Pm ® Vff'')da. 

p,q>0 

The theorem follows. □ 
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4.4 Geometric interpretation 

A foliation F on a n-dimensional connected smooth manifold M is a decom- 
position of M into submanifolds, called leaves: M = [j^ La such that the 
following holds: The leaves La all have the same dimension k and to each 
m e M there is a smooth local chart {x, y) : U ^ R'^ x W^~'^ such that the 
connected components oi U H La for each a are all of the form {y — const}. 

Then the tangent bundles of the La define a subbundle Tp of the tangent 
bundle TM which is intcgrable, i.e., for any two smooth sections X.Y of 
Tp C TM their Lie product [X, Y] again is a section of Tp. The Lie product 
is defined since we can view X and Y as vector fields on M. Every integrable 
subbundle of TM comes from a unique foliation in this way. 

Let be a foliation and let Sj^ be the sheaf of germs of smooth functions on 
M which are locally constant on each leaf of The tangential cohomology 
H-{T) of T is by definition the sheaf cohomology of the sheaf Sj^. The 
tangential cohomology can be computed by a de Rham complex 

^ c°°(M) ^ r°°(rj^) ^ T'^{^^TP) ^ ... 

The spaces r°°(A^T^) are Frechet spaces but the cohomology spaces H'^[J-') = 
ker((i'^)/im((i'^~^) are not in general Hausdorff, since the image of d'^~^ need 
not be closed. So let 

H'}{J^) = kerrfVclosure of (im d"-^) 

be the reduced tangential cohomology. 

Let V he a locally convex complex vector space, and let (Vi)ig/ be a family 
of closed subspaces. We say that V is the topological direct sum of the Vi if 
every v & V can be written in a unique way as a convergent sum 

with Xi E Vi. 

Now let T : V ^ V he a. continuous linear operator. For A e C let 

oo 

Eig??(A) = U ((r - Aid)") 

n=l 
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be the generalized eigenspace. The operator T is called traceable if V is the 
topological direct sum of the generalized eigenspaces of V and 

^dim(Eig5?(A))|A| < oo. 

In this case we define the trace of T by 

trT = ^dim(Eig^(A)) A. 

Note that every linear operator on a finite dimensional space is traceable and 
the trace in that case coincides with the usual trace. 

Let Ehe a, smooth vector bundle over M with a flat leafwise connection, i.e., 
a differential operator of order one 

V : V°°{E) T°°{T^®E) 

such that V(/s) = (io(/) ® -s + /V(s) then V extends in the usual manner to 

V : r°°(A*'7> ®E)^ r°°(AP+^r^ ® e) 

and flatness means that = 0. This then deflnes a complex whose reduced 
cohomology we will denote by H'^{T ® E). 

Back to our previous setting the representation r deflnes a homogeneous 
vector bundle Er over G/Km and by homogeneity this pushes down to a 
locally homogeneous bundle over V\G/Km = m^y- The tangent bundle 
T^m^y) can be described in this way as stemming from the representation 
of Km on 

g/^M = a © pM e n © n. 
We get a splitting into subbundles 

These bundles can be characterized by dynamical properties: the action of 
^ ~ R^, which we will denote by 0, is furnished with a positive time direction 
given by the positive Weyl chamber = {a G 74|a~"^ e ^~}- Then T,, the 
stable part is characterized by the fact that A'^ acts contractingly on Tg. On 
the unstable part T„ the opposite chamber A~ acts contractingly. Tc, the 
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central part is spanned by the flow A itself and Tn is an additive neutral part. 
Note that T„ vanishes if we choose H to be the maximal split torus. The 
bundle T„ © is integrable, so it defines a foliation JF. To this foliation we 
have the reduced tangential cohomology H*{J-'). If r is a finite dimensional 
representation of M it defines a fiat homogeneous bundle over MN/Km, so 
a bundle with a fiat leafwise connection over G/ Km- We can then define the 
twisted tangential cohomology H'^{J^®t) as the cohomology of the de Rham 
complex for the foliation with coefficients in the tangentially flat bundle given 
by r. The flow A acts on the tangential cohomology whose alternating sum 
we will consider as a virtual A-module. For any ip G C'^{A~) we define 
= ip{a){a\H'^{J^ ®T))da as an operator on H'^{J^ ®t). Then we have 

Proposition 4.4.1 Let r he a finite dimensional representation of M. Un- 
der the assumptions of Theorem \4-l-3\ the operator = {L^\H'^{J^ ^ r)) is 
traceable for each q. The spectral side of Theorem \4.1.^ can be written as 



According to a general philosophy of C. Deninger jSE] the local terms of a 
Lefschetz formula should be formed by the same principal as the global term. 
We will show this on our present case. 

The torus A acts on V\G/ Km by a.{TxKM) = TxaKM- Let E be the set of 
all compact A-orbits in T\G/Km modulo homotopy. Note that in the rank 
one case V\G/ Km just gives the sphere bundle and E is the set of all closed 
orbits. In general, V\G/Km is a piece of the sphere bundle associated with 
A. For each e G £" let be the union of all A-orbits in the class e. It is 
known that X^. is a smooth submanifold of T\G/Km- 

Theorem 4.4.2 In the above notation we have 



5^(-l)nr {L^\H'i{T®r)). 



Proof: Follows from the Lefschetz formula. 



□ 



g+r+rankj'-" 



tr {L^\H\J^ ® ^'^Ts)) 



g,r 



<j+r+rank:F|j^-^ 



tr {L^lH^iJ^lx^^^'iTX,),)). 



eeE q,r 
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Note that the stable bundle of Xe is the zero bundle. Therefore the sum over 
r on the right hand side has only one summand, namely for r = 0. 

Proof: The global side of this theorem coincides with the global side of 
Corollary times (_i)dimJV+dimpM ^ (_i)dimjv_ 

For the local side consider the following equivalence relation on the set of 
F-conjugacy classes [7]. We say that two classes [7] and [rj] are equivalent 
if they have representatives 7 and rj satisfying = Gn- Let Ep{V) be the 
set of equivalence classes of [7] which lie in £p{T). Then -Ep(F) coincides 
with the set E above. It emerges that for [7] G £p{X) the quantities and 
x{A^\X^) only depend on the class e = in Ep{T). Therefore we will write 
these as Ae and x{.Ae\Xe). Let furthermore Fg denote the lattice Va^ of A-^, 
where we have chosen a fixed representative 7. The local side of the formula 
of Corollary 14.1.51 can be written as 

eGSp(r) [7]ee 

Now the form B defines a bilinear pairing (.,.): x ^ R^. Let [7] G e 
then e consists of all classes [a] with cr G F^ fl A~ Meu. Since F is neat it 
follows that the projection F^ — > F^^ is an isomorphism. We will identify 
these two groups in the sequel. Since tp vanishes on non-regular elements we 
may replace the sum over e by a sum over F^ or F^^. Let F;| be the lattice 
in Ar^ which is dual to F^. The Poisson summation formula tells us that 

Ae ^ ip{a^) = \^ ^(aa) 
Wee aer^ 



where 



J A 

is the Fourier transform. We get that the local side equals 

I J A 
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= J2x{Ae\Xe)tr{L^\C^{rMe)): 

e 

where we have written e^(a) = e^'^*^'''"). Note that the form an orthonormal 
basis of L'^{Tg\Ae). The trace is to be interpreted as the trace of the nuclear 
operator L^,. 

Now note that the fohation T restricted to 

= T^\G'y/ = T^AyM^/ Km^ 

has leaves T^aM^ parametrized by r,.\A^. The space of leaves is Hausdorff 
and coincides with r^\A^. The de Rham complex computing the tangential 
cohomology coincides with the smooth family of full de Rham complexes 
of the leaves. The cohomology of each leaf is the cohomology of M^/Km^- 
Therefore 

x(AWtr(L^|C°°(r^\^^)) 

equals 

^(-l)nr(L^I^^(^UJ) 
and the theorem follows. □ 
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Chapter 5 

Meromorphic continuation 



In this chapter G will be a connected semisimple Lie group with finite center. 
Fix a maximal compact subgroup K with Cartan involution 6. 

5.1 The zeta function 

Fix a ^-stable Cartan subgroup H of split rank 1. Note that such a H 
doesn't always exist. It exists only if the absolute ranks of G and K satisfy 
the relation: 

rank G — rank K <1. 

This certainly holds if G has a compact Cartan subgroup or if the real rank 
of G is one. In the case rank G — rank K, i.e., if G has a compact Cartan 
there will in general be several G-conjugacy classes of split rank one Cartan 
subgroups. In the case rank G — rank K = 1^ however, there will only be 
one. The number FR{G) := rank G — rank K is called the fundamental rank 
of G. 

Write H = AB where A is the connected split component and B (Z K is 
compact. Choose a parabolic subgroup P with Langlands decomposition P — 
MAN. Then Km — K HM is b, maximal compact subgroup of M. Let P — 
MAN be the opposite parabolic. As in the last section let A~ = exp(ao ) C A 
be the negative Weyl chamber of all a G A which act contractingly on n. Fix 
a finite dimensional representation (r, Vt) of Km- 
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Let Hi E ttg be the unique element with B{Hi) = 1. 

Let r C G be a cocompact discrete subgroup which is neat. An element 
7 7^ 1 will be called primitive if r G F and r" = 7 with n G N implies 
n = 1. Every 7 7^ 1 is a power of a unique primitive element. Obviously 
primitivity is a property of conjugacy classes. Let Sp(T) denote the subset of 
Sp{r) consisting of all primitive classes. Recall the length of any geodesic 
in the class [7]. If 7 is conjugate to am G A~Meii then = la, where 
la = I log a I = ^y B{\oga). Let be the connected split component of G^, 
then is conjugate to A. 

In this section we are going to prove the following 



Theorem 5.1.1 Suppose that r is in the image of the restriction map res^^^ 
or that M is orientation preserving. Let T be neat and {u, V^) a finite dimen- 
sional unitary representation ofT. For Re(s) >> define the generalized 
Selberg zeta function: 



where S'^(n) denotes the N-th symmetric power of the space n and 7 acts on 
K; ® K ® S^{n) via 0^(7) t(6^) ® Ad^{a^b^), here 7 G F zs conjugate to 
a^b^ G A^B. 

Then Zp^t-,uj has a meromorphic continuation to the entire plane. The van- 
ishing order of Zp^r,ui{,s) at a point s = \{Hi), A G a*, is 



-l)''''"^5^iVr,^(7r)^(-l)P+'?dim( i7<?(n, vr^)^ ® A^Pm ® V^f )' 



Further, all poles and zeroes of the function Zp^T-^^{s + |po|) m M U iM. 



The proof will rely on the following 



Proposition 5.1.2 For j G N and s G C with j, Re(s) >> there is a 
function f on G which is j — {2 dim N + dim K) -times continuously differen- 
tiable, satisfies the conditions of Proposition I,'/. 1 . ^ ( so the trace formula is 
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valid for f) and for g G G semisimple we have that Og{f) = whenever g is 
not conjugate to an element in A~B and for ah e A~ B it holds 

Especially it follows that 

TreG 

equals 

where the sum runs over all classes [7] such that 7 is conjugate to an element 
a^bj of A~B and the convergence is locally uniform in s. 

Proof: Let C — supp(/^) U5, then C is a compact subset of G. Thus there 
exists ao G A" such that a^A'C is disjoint to 5" = d{AM)^ . 

Lemma 5.1.3 There exists a {j — dim N)-times continuously differentiahle, 
conjugation invariant function Q on AM such that 

• supp Q C closure of {AM)"^ and 

• for am e A'M^u U aoA~C we have 

Qiam) = - — 7—^ 

^ det(l-am|n) 

Proof: Let Z be the center of G and let G' be the quotient group G/Z. 
For any subset H let H' be its image in G'. Likewise, for any element 
a; e G let x' be its image in G'. Suppose we have a function Q' on (AM)' — 
A'M' satisfying the above conditions with (AM)^ and Ci replaced with their 
images in G'. Then the function 



Q{am) = Q'{a'm') 
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satisfies the claim. We are thus reduced to the case that G has trivial center. 
We will assume that for the length of this proof. Then G coincides with the 
image under the adjoint representation and so there is a linear algebraic group 
Q over R such that G is isomorphic to the connected component of ^(M). For 
the parabolic P = MAN it follows that there is a Zariski connected linear 
algebraic subgroup M of G such that M = M{R) n G (see [9^ Cor. 11.12). 

Let Ai{C) be the complex points of A4. Then A4{C) is connected in the 
Hausdorff topology and the exponential map exp : m M.{C) is surjective 
as follows from the Jordan decomposition 1.4, since this implies that any 
element m of (C) can be written as a product m = m^m^ = mufrts where 
rris is semisimple and is unipotent. Semisimple and unipotent elements 
are in the image of the exponential map and, since they commute, also their 
product. This implies the surjectivity of the exponential map. 

The reductive algebraic group 7V1 acts on itself by conjugation and the quo- 
tient M./conj is a smooth affine variety over C The set of complex points 
}A/conj{'C) therefore is a smooth manifold. We will show 



Lemma 5.1.4 There is a smooth function on A x Ai/conj{C) or a con- 
jugation invariant smooth function ip on A~ x A4{C) such that 

• ip = 1 on A~Meii U aQA~C and 

• supp^p nA-Mc {AMy and 

• the function am h-> P^^ip^am) extends to a j-times continuously differ- 
entiable function on AM which is zero on A'^M . 



Proof: First note that the image of M^u in M./conj{<C) coincides with the 
image on B and therefore is compact. The set {AM)"" satisfies exp(X) G 
(AM)~ =^ exp(tX) G {AMy for any t > 0, therefore {AM)^ is an "open 
cone". In the following picture the x-axis represents M and the y-axis is A: 
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For any ai G A" it is easy to give a function as in Lemma 15.1.41 on aiA~ 
since there the last property of ^, as insisted in the lemma, is immediate. 
A partition of unity argument then shows that we only have to worry about 
small values of a, and for those the set aoA~C doesn't play a role. 

Choose a Riemannian metric on Ai/conj{C) then, by the compactness of 
Meii/conj there is a c > such that 

dist{aMM,d{AMy) > c 

from which the Lemma 15.1.41 is deduced by means of the following 

Lemma 5.1.5 Let Y be a smooth Riemannian manifold and let T G Y be 
a compact subset. Let S C x Y be closed and assume that there is c> 
such that for any t > 

dist(T, St) > at, 

where St = S f] {{t} x Y). 
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Then there is a smooth function ip : R"*" x Y ^ [0, 1] such that ip = 1 on 
X T and ip = on S and the function {t,y) P^^ilj(t,y) extends to a 
j -times continuously differentiable function onWxY which is zero on M^xF. 



Proof: At first we show that is suffices to consider the case when T lies in a 
chart neighborhood of Y. For this let C = Ci U ■ • ■ U be a decomposition 
into compact subsets where each of the Cj lies in a chart neighborhood of Y. 
Assume the lemma proven for each Cj, so for each j there exists a function 
ipj satisfying the claim of the lemma for Cj. Let x • ^ [0, 1] be smooth, 
X = on R~ and x = 1 on [1, oo). Let 



then ip satisfies the claims of the lemma. 

Now we are reduced to the case when T lies in a chart neighborhood of Y. We 
can replace Y by that neighborhood and assume Y = M". By compactness 
of T we max also assume that the metric of Y is the euclidean one. Let 



My) 



1 if dist(?/,r) < 



c 

4' 

otherwise. 



Let h : W"- [0, oo) be smooth, with support in the ball with radius one 
around and such that J^„h{y)dy = 1. For t > the function ht{y) = 
h{4:y/ct) has support in the ball with radius at /A around zero. Let 



where * means convolution in M". Then ip satisfies the claims of the lemma. 
Lemma f5 . 1 . 51 and thus Lemma f5 . 1 . 41 are proved. □ 
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Finally, the function Q of Lemma 15.1.31 then is gotten by setting 



Q{am) 



det(l — am\n) 

□ 



Now the group G may have nontrivial center again. In order to continue the 
proof of Proposition 15. 1 .21 choose any smooth t] : N ^ which has compact 
support, is non-negative, invariant under KClM and such that Jj^ ri{n)dn = 1. 

Given these data we define / = fri,T,j,s : G ^ C by 

f{knma{kn)~^) = rj{n)f^\m)Q{am)e^''^'', 

for k e K,ne N, am G {AM)~. Further /(x) = if x is not in G.{MAy. 

The well-definedness of / is proved in the same way as in Lemma f4. 3. 21 We 
have to show that the function / for Re(s) >> and j >> satisfies the 
conditions of Proposition 13.1.21 For this consider the map 

F: KxNxMxA^ G 

{k,n,m,a) knam{kn)~^. 

Now / is a j — dim(n)-times continuously differentiable function on x x 
M X A which factors over F. To compute the order of differentiability as a 
function on G we have to take into count the zeroes of the differential of F. 
So we compute the differential of F. Let at first X G 6, then 

DF{X)f{knam{kn)-^) = —\t=of{kexp{tx) namn ""^ exp(— tX)A; 

which implies the equality 

DF{X)^ = {Ad{k{Ad{n{am)"^n-^) - 1)X)^, 

when X equals knam{kn)~^ . Similarly for X G n we get that 

DF{X), = (Ad(H(Ad((am)-i) - 1)X), 

and for X G a © m we finally have DF{X)x = {Ad{kn)X)x- From this it 
becomes clear that F, regular on i^' x X x [MA)'^, may on the boundary 
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have vanishing differential of order dim(u) + dim(/c). Together we get the 
claimed degree of differentiability. So we assume j > 2 dim(n) + dim(6) from 
now on. In order to show that / goes into the trace formula for s and j large 
we fix iV > We have to show 

Df e L^{G) for any D e U{g) of degree < 2N. 

For this we recall the map F and our computation of its differential. Let 
q C B be a complementary space to i-M- On the regular set DF is surjective 
and it becomes bijective on q©n©a©m. Fix x = knam{kn)~^ in the regular 
set and let DF~^ denote the inverse map of DF which maps to q©n©a©m. 
Introducing norms on the Lie algebras we get an operator norm for DF~^ 
and the above calculations show that || DF^ ||< P{am), where P is a class 
function on M, which, restricted to any Cartan H = AB of AM is a linear 
combination of quasi-characters. Supposing j and Re(s) large enough we get 
for D e U{q) with deg(D) < 2N: 

\D f (knam^kn)^^)] < Pp^ {am)\Dif{k, n, a,m)\, 

where the sum runs over a finite set of Di G U{t © n © o © m) of degree 
< 2N and Pp^ is a function of the type of P. On the right hand side we have 
considered / as a function on K x N x A x M. 

We want to show that if j, Re(s) >> then {Dif)PPr,^ lies in L^(i^ x x 
A X M) for any Di. The only difficulty in this is the derivatives of the function 
Q which we know only little about. But fortunately we have arranged things 
so that we do not have to worry about those. At first it is clear that we only 
have to care about what happens outside a compact set, so we only have to 
consider the points x = knam{kn)~^ with a G aoA~ and m G supp(/^"'^). 
In this range we have Qiam) = , rr and the derivatives are rational 

\ y dct(l— am|n) 

functions of quasicharacters on A and will be in L^{G) if only Re(s) is large 
enough. This implies a). We have proven that the trace formula is valid for 

We have to compute the orbital integrals to see that they give what is claimed 
in the proposition. Since / vanishes on all g & G which are not conjugate to 
some am G A~M it remains to compute the orbital integrals Oam{f)- The 
group r, being cocompact, only contains semisimple elements jHI] therefore 
it suffices to compute Oam{f) for semisimple m. We have the decomposition 
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G = KNAM and, in this order, the Haar-measure of G is just the product 
of the Haar measures of the smaller subgroups. Since f{am) = unless a is 
regular we restrict to am G A~M, m semisimple. At first we consider the 
case, when m is not elliptic and we want to show that the orbital integral 
C^amif) vanishes in this case. We show more sharply that the integral 

f{xamx~^) dx 

G/AMm 

vanishes whenever / is nontrivial on the orbit of am. Since AMm is a sub- 
group of Gam this implies the assertion. The latter integral equals 

J KN J M/Mm 

which by definition of / equals 

O^U^)Q{am)e-^'^. 

Thus we see that Oamif) = unless m is elliptic since this holds for the 
M-orbital integrals over /*^. Now we consider am G A~M with m elliptic. 
In this case we have the equality 

Gam = AMm- 

So that as above we get 



Oamif) = O^U''' 



det(l — am\x\) 

The proposition follows. □ 

Now to the proof of Theorem 15.1.11 Let 7 G £p{X) be conjugate to a^h^ G 
A^B. By Theorem 14.2.31 we have 



CmU 



X[A.\X^) = -^-^ vol(r^\G^) 



By Theorem 12 . 3 . 21 we have 



Cm 
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Therefore 

a,(/.'Ovol(r,\G,) = x{A,\X,)tTTib,). 

Since F is neat it follows X^n = by Lemma f4.1.2l for any n. This implies 
that the geometric side of the trace formula: 

^ /,oX,(X,)tr r(6,)/f ^e-'nr(a;(7)) 

^ det(l — a^6^|n) 

[7] 

equals 

We now consider the spectral side. For tt G G we get 

tr 7r(/) = / e^(x)/(x) dx 
Jg 

and this equals 

Q^{ma) f^\m) |det(l - ma|n © n) | Q{am)e~^^'' dadm. 



' MA- 

Repeating the computations of the last section we get 

dim Af 



tr vr(/) = {-ir'''-'' I f^\m) ^^^{ma) dmlt'e-^^^ da. 

„-n JmA- 



p=0 

eM 



Using the properties of we get that tr 7r(/) equals 

(_i)P+9+dim7v f {a\{HP{n, ttk) ® A'^Pm ® Vrf'') P.+^e"^'" da 

Now let the ^-decomposition of the virtual A-module {H*{n, hk) ® A*pM ® 
Vr)^'^ be ^x&Ktt where E\ is the biggest virtual subspace on which a — 
gA(ioga) g^|-.^g nilpotently. 

Let mx G Z denote the virtual dimension of Ex- Integrating over a~ instead 
over y4~ we get 



poo 

tr 7r($) = (-l)di-^ / VmAe(^(^i)-^)¥+^ dt 

Jo ^ 
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From this it follows that Zp^r,uj{s) extends to a meromorphic function on the 
plane and that the order of Zp^r,uj{s) at a point s = \{Hi), A G a*, is 

To prove the last assertion on the zeroes and poles recall that in the tensor 
product H'^{n,Tr^) (8) A^pM ® K- the group A only acts on the first tensor 
factor. Let A G a* be such that 

dim {H'^in, ttk)^ ® A^Pm ® K)"^" 7^ 0. 

p 

Then there is a M-irreducible subquotient 77 of H'^{n, hk) satisfying the same 
assertion, especially we get tr r]{f^^) 7^ 0. A standard representation ^ of M 
is a representation induced from a tempered one. Any character 0^ for ^ 
irreducible admissible is an integer linear combination of standard represen- 
tations. On the other hand by Lemma f2.3.1l we have that tr,^(/*^) = for 1^ 
induced, so that there is a discrete series or limit of discrete series represen- 
tation ^ having the same infinitesimal character A^ as rj. Especially it follows 
that A^ is real. 

By Corollary 3.32 of it follows that A + A^ = wXt^+p^pm, where A^ is the 
infinitesimal character of vr and w is an element of the Weyl group W{Q,i)). 
Let C be the Casimir operator of G, then vr(C) is a real number. We compute 
7r(C) = B{X^) - B{p) = B{w\) - B{p) = B{X + X^-p + pu) - B{p) = 
B{X — po) + B{Xrj — p\m + Pm) — B{p). Since A^ is real it follows that 
B{Xrf — p\m + Pm) is real and so then is B{X — po). Since a is one dimensional, 
A — Po must be real or purely imaginary. □ 



5.2 The functional equation 

Assume that the Weyl group W{G, A) is nontrivial, then is has order two. 
To give the reader a feeling of this condition consider the case G = SLs{M.). 
In that case the Weyl group W{G, A) is trivial. On the other hand, consider 
the case when the fundamental rank of G is 0; this is the most interesting 
case to us since only then we have several conjugacy classes of splitrank-one 
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Cartan subgroups. In that case it follows that the dimension of all irreducible 
factors of the symmetric space X = G/K is even, hence the point-reflection 
at the point eK is in the connected component of the group of isometrics of 
X. This reflection can be thought of as an element of K which induces a 
nontrivial element of the Weyl group W{G,A). So we see that in the most 
important case we have |Vr(G, A)| = 2. 

Let w be the nontrivial element. It has a representative in K which we also 
denote by w. Then wKmw'^ = Km and we let be the representation 
given by T'^{k) = T{wkw~^). It is clear from the definitions that 

We will show a functional equation for Zp^r,u> this needs some preparation. 
Assume G admits a compact Cartan T G K, then a representation vr G G 
is called elliptic if 0^ is nonzero on the compact Cartan. Let Geii be the 
set of elhptic elements in G and denote by Gds the subset of discrete series 
representations. Further let Gms denote the set of all discrete series and all 
limits of discrete series representations. In Theorem 15.1.11 we have shown 
that the vanishing order of Zp^-^uiis) at the point s = fi{Hi), G a* is 

(-l)'^'"^E^r,.(vr)m(7r,r,/i), 

ttGG 

where 

m(7r,r,/i) = ^^(-1)^+'? dim ( i7'?(n, 7rK)(;u) ® A^'Pa/ ® V^f )'^" • 
p,q 

Any character 0^ for tt G G is an integer linear combination of characters of 
standard representations. From this it follows that for tt G G the character 
restricted to the compact Cartan T is 

07r It = ^7r,7r'07r' \t, 

with integer coefficients kT,y. 

Lemma 5.2.1 There is a C > such that for Re(/i(ifi)) < —C the order 
of Zp^r,uj{s) at s = fi{Hi) is 
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Proof: For any vr G G we know that if QttIaBm then in the represen- 
tation of as hnear combination of standard characters there must occur 
Ids-characters and characters of representations n^^u induced from P. Since 
©TTj^, = Qnw/._^ any contribution of n^^i, for Re(s) << would also give a 
pole or zero of Zp^T-w^^^ for Re(s) >> 0. In the latter region we do have an 
Euler product, hence there are no poles or zeroes. □ 

Now consider the case FR{G) = 1, so there is no compact Cartan, hence no 
discrete series. By a finite genus argument it follows that 

Theorem 5.2.2 Assume that the fundamental rank of G is 1, then there is 
a polynomial P of degree < dim G + dim such that 

Zp,rA^) = e^^^'^Zp^r^^^{2\pQ\ - s). 

□ 

Now assume FR{G) = so there is a compact Cartan subgroup T. As Haar 
measure on G we take the Euler-Poincare measure. The sum in the lemma 
can be rearranged to 

(_^)dimiv J2 m(7r',r,/i) J] NrA^)K,^,. 

We want to show that the summands with vr' in the limit of the discrete series 
add up to zero. For this suppose vr' and vr" are distinct and belong to the 
limit of the discrete series. Assume further that their Harish- Chandra param- 
eters agree. By the Paley- Wiener theorem jTH] there is a smooth compactly 
supported function /,r',7r" such that for any tempered vr G G: 

( 1 if TT = Tt' 

tr 7r(/^/^7r") — \ ~^ if TT = tt" 
\ else. 

Plugging /jr/^Tr" into the trace formula it follows 
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so that in the above sum the summands to vr' and vr" occur with the same 
coefficient. Let ttq be the induced representation whose character is the sum 
of the characters of the vr", where tt" varies over all Ids-representations with 
the same Harish-Chandra parameter as vr'. Then for Re(/i(ifi)) < —C we 
have m(7ro, r, /i) = 0. Thus it follows that the contribution of the limit series 
vanishes. 

Plugging the pseudo-coefficients |2ZI of the discrete series representations into 
the trace formula gives for vr G Gds'- 

where (i,r is the formal degree of vr. 

The infinitesimal character A of vr can be viewed as an element of the coset 
space {t*Y'^^ /Wk- So let J denote the finite set of connected components of 
{t*Y^^ /Wk, then we get a decomposition Gds = YijeJ^dsj- 

In the proof of the theorem we used the Hecht-Schmid character formula to 
deal with the global characters. On the other hand it is known that global 
characters are given on the regular set by sums of toric characters over the 
Weyl denominator. So on if = AB the character for tt G G is of the form 
M / D, where D is the Weyl denominator and the numerator M is of the form 

M{h) = 

W&W{i,Q) 

where A G f)* is the infinitesimal character of tt. Accordingly, the expression 
m(7r, r, /x) expands as a sum 

m(7r,r,/i) = m^(7r,r,/i). 

w&W{i,2) 

Lemma 5.2.3 Let vr, tt' G Gds,j with infinitesimal characters A, A' which we 
now also view as elements o/ ([)*)+, then 

m^(7r,r,/i) = m^(7r', r, + ti;(A' - A)|a). 
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Proof: In light of the preceding it suffices to show the following: Let t\, t\i 
denote the numerators of the global characters of vr and vr' on J)"*". Write 

wew{t,s) 

for some constants c^,. Then we have 

weW{t,g) 

To see this, choose a A" dominating both A and A', then apply the Zuckerman 
functors ipy, and ipy,. Proposition 10.44 of [31] gives the claim. □ 

Write Tlx for the discrete series representation with infinitesimal character A. 
Let d{X) := c?^^ be the formal degree then d{X) is a polynomial in A, more 
precisely from 0| we take 

where the ordering is chosen to make A positive. 

Putting things together we see that for Re(s) small enough the order of 
Zp,r,uj{^) at s = fi{Hi) is 

= dimc<;(-l)^x(^r) 

^ ^ ^ rf(A^)m^(7rj,r,/i + w(Aj - A^)|„), 



ds,j 



where Hj G Gdsj is a fixed element. The function fi i— > mw{T^j,T, fi) takes 
nonzero values only for finitely many /x. Since further A ^ d{X) is a polyno- 
mial it follows that the regularized product 

exists. We now have proven the following theorem. 
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Theorem 5.2.4 With 

we have 

where Q is a polynomial. □ 

Proposition 5.2.5 Let t be a finite dimensional representation of M then 
the order of Zp^t,uj{s) at s — A(ifi) is 

dim(m®n/{M) 

(_l)dim(iv) ^ ^^^^^e^^ ^ dim(//^(m n, Km, t^k ® V,f). 

This can also he expressed as 

dim(m©Ti/tM) 

Proof: Extend V,- to a m © n-module by letting n act trivially. We then get 

The (m, -ft'M)-cohomology of the module HP{n,T:K 8) Vr) is the cohomology 
of the complex (C*) with 

C"? = Hom;^,,(A'^PM, HP{n, ttk) ® ^f) 

since A^pM is a self-dual XM-module. Therefore we have an isomorphism of 
virtual 74-modules: 

J](-l)^(//^'(n,7ri,)(8)A«PM<8)l"f)''^ = J^^-iy^'^i'^^ ^m, HP{n,7rK^Vr)). 

Now one considers the Hochschild-Serre spectral sequence in the relative case 
for the exact sequence of Lie algebras 
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and the (m © n, i^Af) -module n <^Vr. We have 

= H''{m,KM,HP{n,7rK®Vr)) 

and 

EPJ = Gi\H''+\m®n,KM,T^K®Vr)). 
Now the module in question is just 



X 



p,<} 



Since the differentials in the spectral sequence are A-homomorphisms this 
equals x(i?oo)- So we get an A-module isomorphism of virtual A-modules 

J2i-ir^'{HPin, ttk) ® A'Pm ® Vrf'-' = Y.i-'^YH'ixn © n, Km, t^k ® V,). 
The second statement is clear by [TU] p. 16. □ 



5.3 The Ruelle zeta function 

The generalized Ruelle zeta function can be described in terms of the Selberg 
zeta function as follows. 

Theorem 5.3.1 Let T be neat and choose a parabolic P of splitrank one. 
For Re(s) >> define the zeta function 

ZLi^) = n det ( 1 - e-'^a;(7) 
[7]e^^(r) 

then Zp^{s) extends to a meromorphic function on C. More precisely, let 
n = Uq © be the root space decomposition of n with respect to the roots of 
(a, g) then 

dim TXa dim n2a 

ZLis)= n n ^P,(Mn.MA.n..),.(s+(g + 2p)|«|)(-l)''^^ 
g=0 p=0 
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In the case when rank^G = 1 this zeta function coincides with the Ruelle 
zeta function of the geodesic flow of Xr- 

Proof: For any finite dimensional virtual representation r of M we compute 

[7]efJ(r) Ar>o 



[7]e£p(r) A^>0 n>l 

= E X.W^tra;(7) 

E -si^ trr(fe^) 

Since n is an M-module defined over the reals we conclude that the trace 
tr {{a^m^)~^ \ A*n) is a real number. Therefore it equals its complex conjugate 
which is iT{a~^m^\ A* n). Now split into the contributions from and Xi2a- 
The claim now becomes clear. □ 



Chapter 6 

The Patterson conjecture 



In this chapter G continues to be a connected semisimple Lie group with 
finite center. 

Fix a parabohc P = MAN of sphtrank one, ie, dim A = 1. Let u E a* and 
let (cr, V„) be a finite dimensional complex representation of M. Consider the 
principal series representation n^^i, on the Hilbert space n^^^ of all functions 
/ from G to Vg- such that f{xman) = a^^'^^^^ a(m)'^^ f (x) and such that the 
restriction of / to i^' is an L^-function. Let denote the Frechet space of 
smooth vectors and vr"^ for its continuous dual. For u E a* let u denote its 
complex conjugate with respect to the real form Oq. 

We will now formulate the Patterson conjecture [T^ . 

Theorem 6.0.2 Suppose that \W{G,A)\ = 2. Then the cohomology groups 
if^(r, vr^^ ® V^) are finite dimensional for all p > and the vanishing order 
of the Selberg zeta function Zp^^-^^^s + \po\) at s = v^Hi) equals 

ord^=^(Hi)^p,r,a.(s + IpoI) = Xi (r, Tl^^^ ® V^) 

if u and 

Ord,=o^P,r,..(s+ IPoI) = Xri'^,H^fi^V^), 

where is a certain nontrivial extension of 7t~^ with itself. 

Further x(r, tt^^ (g) V^j) vanishes. 
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Proof: Let ao be the real Lie algebra of A and the negative Weyl chamber 
with exp(oQ ) = A~ . Let Hi G Qq be the unique element of norm 1. Recall 
that the vanishing order equals 

dimA'" dimpA/ 

■KeG 9=0 P=o 

Set \ = u — po. 

Lemma 6.0.3 If X ^ —po then a acts semisimply on Hg{n,TTx)^ ■ The space 
Hp{n, t^k)^''^ is annihilated by {H + pq{H)Y for any if e a. 

Since W{G,A) is nontrivial, the proof in |14^ Prop. 4.1. carries over to our 
situation. □ 

To prove the theorem, assume first A ^ — Po- Let vr G G, then 

dim N dim 

q=0 p=Q 
dimA'' dimpii/ 

= Yl 5^ (-ir'dim(ii°(a,iiP(m,irM,i^,(n,7r,0®V^^,-A))), 

q=0 p=0 

where V^,_a is the representation space of the representation a ® (—A). We 
want to show that this equals 



oo oo 



Y J^l-ir^^^ dim H^ia © m, Km, H,{n, vr^) ® 

Since the Hochschild-Serre spectral sequence degenerates for a one dimen- 
sional Lie algebra we get that 

dim HP{a®m, Km, V) 

equals 

dimH%a, HP~\m, Km, V)) + dimH\a, H%m, Km, V)). 
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J2 dimH\a,H\xn,KM,Hg{n,nK)®V,,,x)) 

p,q>0 b=p—l 
b+1 

= Yl (-1)' dimH\a, H\m, Km, H,{n, ttk) ® 14,-a)). 

b,q>0 p=b 

It follows that the vanishing order equals 

oo oo 

J2 J^i-^r^'^-'p dim H^ia © m, Km, H,{n, vr^) ® 

OO oo 
5=0 p=0 

For a (g, -ft')-module V and a (a © m, M)-module U we have 

Hom^,K{V,In<fp{U)) ^ Hom^ra,KM{Ho{n,V),U ® Cp,), 
where Cp^ is the one dimensional A-module given by po- Thus 

oo oo 

ttGG P=0 9=0 

oo 

Diualizing shows that this equals 

5^(-irMimi?xt^,^«,,^.,c°°(r\G,c.)x). 

Next by [TU], Chap. I, 
^<i.«A,i.,C'-(r\G,^)^) - ifP(s,ir,Homc«,,^,C°°(r\G,^) 
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For any two smooth G-representations V, W the restriction map gives an 
isomorphism 

Rom,tiV,W)K = RomciVK,WK)K, 

where Homct means continuous homomorphisms. Therefore, using the clas- 
sical identification of (g, K) with differentiable and continuous cohomology 
as in [TU] we get 

Extlj,{7T:;,^^,C^{T\G,uj)K) = ffP(0,if,Hom,,«„C~(r\G,a;))^) 

= i/^(0,if,Hom,,(7r-,C~(r\G,a;))) 
- i7,^(G,Hom,,(7r-„C-(r\G,^))) 
= i7S(G',Hom,,(7r-,C-(r\G,a;))) 
= Ext^(7r-,C~(r\G,a;)) 

This gives the claim for s 7^ 0. In the case s = we have to replace H^{a, ■) 
by H^{a^, ■), where means the subalgebra of U{a) generated by H^, H G 
a. Then the induced representation Indp{U) is replaced by a suitable self- 
extension. □ 



Chapter 7 

Holomorphic torsion 



7.1 Holomorphic torsion 

Let E = {Eq El ^ ■ ■ ■ ^ En) be an elliptic complex over a compact 
smooth manifold M. That is, each Ej is a vector bundle over M and there 
is differential operators dj : V°°{Ej) — > r°°(£'j+i) of order one such that the 
sequence of principal symbols 

(Je{x, : Eq^x Ei^x ^ ... ^ En,x 
is exact whenever ^ G T^M* is nonzero. 

Assume each Ek is equipped with a Hermitian metric. Then we can form the 
Laplace operators = djd* + d*dj as second order differential operators. 
When considered as unbounded operators on the spaces L'^{M, E^) these are 
known to be zeta admissible. Now define the torsion of E as 

n{E) = ndet'(A,)^(-^)''"\ 

Note that this definition differs by an exponent 2 from the original one 

The corresponding notion in the combinatorial case, i.e. for a finite CW- 
complex and the combinatorial Laplacians, was introduced by Reidemeister 
in the 1930's who used it to distinguish homotopy equivalent spaces which 
are not homeomorphic. The torsion as defined above, also called analytic 
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torsion, was defined by Ray and Singer in jHSl where they conjectured that 
the combinatorial and the analytical torsion should coincide. This conjecture 
was later proven independently by J. Cheeger and W. Miiller. 

For a compact smooth Riemannian manifold M and E ^ M a. flat Hermitian 
vector bundle the complex of ii^-valued forms on M satisfies the conditions 
above so that we can define the torsion t{E) via the de Rham complex. Now 
assume further, M is Kahlerian and E holomorphic then we may also consider 
the torsion T{E) of the Dolbeault complex d : fi°' (M, E) VL^-+^{M, E). 
This then is called the holomorphic torsion. The holomorphic torsion is of 
significance in Arakelov theory ^69^ where it is used as normalization factor 
for families of Hermitian metrics. 

We now define LP' -torsion. For the following see also jSll. Let M denote 
a compact oriented smooth manifold, F its fundamental group and M its 
universal covering. Let E = Eq ^ ■ ■ ■ ^ En denote an elliptic complex over 
M and E = Eq ^ ■■■ ^ En its pullback to M. Assume all E/^ are equipped 
with Hermitian metrics. 

Let Ap and Ap denote the corresponding Laplacians. The ordinary torsion 
was defined via the trace of the complex powers Ap. The L^-torsion will 
instead be defined by considering the complex powers of Ap and applying a 
different trace functional. Write for a fundamental domain of the F-action 
on M then as a F-module we have 



The von Neumann algebra V^A^(F) generated by the right action of F on 
/^(F)has a canonical trace making it a type Hi von Neumann algebra if F is 
infinite This trace and the canonical trace on the space B{L'^{E)) of 

bounded linear operators on L^{E) define a trace trr on V^A^(F) ® B{L'^{E)) 
which makes it a type Woo von Neumann algebra. The corresponding dimen- 
sion function is denoted dimp. Assume for example, a F-invariant operator 
T on L'^{E) is given as an integral operator with a smooth kernel kx, then a 
computation shows 



L^E,) - f{T)®L\E,\^) - P{T)(»L\E,). 





It follows for the heat operator e that 

trre"*'^*' = tr < x \ e 



-tAp 



X > dx. 



T 
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From this we read off that tr re satisfies the same small time asymptotic 
as tre~*^p. 

Let Ap = ^p\]<^cT{Ap)^ ■ Unfortunately very little is known about large time 
asymptotic of trr(e"*^p) (see jEHI)- Let 

NS{Ap) = sup{« G M I trre"*^^' = 0(r°/2) as t ^ 00} 

denote the Novikov-Shubin invariant of Ap ([3ZI, [^)- 

Then NS{Ap) is always > 0; in this section we will assume that the Novikov- 
Shubin invariant of Ap is positive. This is in general an unproven conjecture. 
In the cases of our concern in later sections, however, the operators in ques- 
tion are homogeneous and it can be proven then that their Novikov-Shubin 
invariants are in fact positive. We will consider the integral 

which converges for Re(s) >> and extends to a meromorphic function on 
the entire plane which is holomorphic at s = 0, as is easily shown by using 
the small time asymptotic ([n],Thm 2.30). 



Further the integral 



Ci(.)(-) = f>) / t-Hrre-^^ dt 



converges for Re(s) < |A^S'(Ap), so in this region we define the L'^-zeta 
function of Ap as 

Assuming the Novikov-Shubin invariant of Ap to be positive we define the 
L'^- determinant of Ap as 



det^^^CAJ = exp ( 

ds 



Now let the L^-torsion be defined by 



s=0 



TP\E) = J]det'«(Ap)''<-" 

p=0 



p+1 
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Again let M be a Kahler manifold and E ^ M a. fiat Hermitian holomorphic 
vector bundle then we will write TjfJi{E) for the L^-torsion of the Dolbeault 
complex fi°'*(M,e). 

7.2 Computation of Casimir eigenvalues 

In this section we give formulas for Casimir eigenvalues of irreducible repre- 
sentations of reductive groups which hold under conditions on the K-tjpes. 

Let G be a connected semisimple Lie group with finite center. Fix a maxi- 
mal compact subgroup K with Cartan involution 6. Let P = MAN be the 
Langlands decomposition of a parabolic subgroup P of G. Modulo conjuga- 
tion we can assume that AM is stable under 6 and then Km = K (1 M is a 
maximal compact subgroup of M. Let m = ® Pm be the corresponding 
Cartan decomposition of the complexified Lie algebra of M. Let Cm denote 
the Casimir operator of M induced by the Killing form on G. 

Lemma 7.2.1 Let {a, V^) be an irreducible finite dimensional representation 
of M. Let {^,V^) be an irreducible unitary representation of M and assume 

dim(p) 

(-l)P dim{V^ ® A^PAf ® V^f'' ^ 0, 

p=0 

then the Casimir eigenvalues satisfy 

^Cm) = (r{CM). 

Proof: Recall that the Killing form of G defines a i^Az-isomorphism between 
pM and its dual p*M, hence in the assumption of the lemma we may replace 
pM by p*M. Let denote the (m, i^M)-niodule of ii'M-hnite vectors in and 
let C^i^K^V^) = Homt^,(A''pM,^i^®K) = i/\'^P*M®U®V^Y^' the standard 
complex for the relative Lie algebra cohomology H'^{m, tMi^K® Kr)- Further 
{^^P*M ® ® Va)^'^ forms the standard complex for the relative (m, Km)- 
cohomology H'^{m, Km,^k ® K)- In lOj, p. 28 it is shown that 

H'^im, Km, ® = H\m, Ui, ® V^f^'^^M, 
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Our assumption implies 1)'' dimi7''(m, i^Af, ® Kr) 7^ 0, therefore 

there is a g with ^ H'^{m,KM,U ® K) = H^{m,iM,U ® Kr)^^/^^, 
hence H'^{m,f.M,^K ® K-) 7^ 0. Now Proposition 3.1 on page 52 of jTU] says 
that 7i{Cm) ^ cf{Cm) imphes that H''{m,lM,^K (S) K) = for all q. The 
claim follows. □ 



Let X = G / K he the symmetric space to G and assume that X is Hermitian, 
i.e., X has a complex structure which is stable under G. Let 6 denote the 
Cartan involution fixing K pointwise. Since X is hermitian it follows that G 
admits a compact Cartan subgroup T G K. We denote the real Lie algebras 
of G, K and T by Qq, 60 and to and their complexifications by 0, t and t. We 
will fix a scalar multiple B of the Killing form as explained in the chapter 
on notation. As well, we will write B for its diagonal, so B{X) = B{X,X). 
Denote by po the orthocomplement of in 0o with respect to B; then via 
the differential of exp the space po is isomorphic to the real tangent space of 
X = G/K at the point eK. Let $(t, 0) denote the system of roots of (t, g), 
let $c(t, 0) = $(t, 6) denote the subset of compact roots and $„c = ^ — ^c the 
set of noncompact roots. To any root a let Qa denote the corresponding root 
space. Fix an ordering on <l> = $(t, g) and let p± = 0^g$+^ g±a- Then the 
complexification p of po splits as p = p+ ©p_ and the ordering can be chosen 
such that this decomposition corresponds via exp to the decomposition of 
the complexified tangent space of X into holomorphic and antiholomorphic 
part. By Lemma 12.1.31 we can, replacing G by a double cover if necessary, 
assume that the adjoint homomorphism K SO{p) factors over Spin{p). 

Lemma 7.2.2 Let {T,Vr) denote an irreducible representation of K . As- 
sume X Hermitian and let {it, W^^) he an irreducible unitary representation 
of G and assume that 

dim p_ 

^ (-l)Pdim(W^^ ® NPp_ ® Vr)^ ^ 

then we have 

7r(C) = T®e{CK)-B{p)+B{pK). 
where e is the one dimensional representation of K satisfying e®e = A*°^p+. 



Proof: This follows from Lemma [2.2. II 



□ 
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7.3 The local trace of the heat kernel 

On a Hermitian globally symmetric space the heat operator is given by convo- 
lution with a function on the group of isometrics. In this section we determine 
the trace of this function on any irreducible unitary representation. 

Let H denote a ^^-stable Cartan subgroup of G so H = AB where A is the 
connected split component and B compact. The dimension of A is called 
the split rank of H. Let o denote the complex Lie algebra of A. Then o 
is an abehan subspace of p = p+ © p_. Let X ^ X"^ denote the complex 
conjugation on g according to the real form 0o- The next lemma shows that 
a lies skew to the decomposition p = p_|_ © p_. 

Lemma 7.3.1 Let Pr± denote the projections from p to p^-. Then we have 
dimPr+(o) = dim Pr_(a) = dim o, or, what amounts to the same: onp± = 
0. 



Proof: a consists of semisimple elements whereas p± consists of nilpotent 
elements only. □ 

Now let a' denote the orthocomplcmcnt of a in Pr+(a) Pr_(a). For later 
use we write V = o ® a' = V+ © V_, where V± = V n p± = Pr±(o). 

Let (r, Vr) be a finite dimensional representation of the compact group K 
and let Er = G X K Vr = {G x V) / K he the corresponding G-homogeneous 
vector bundle over X. The sections of the bundle Er are as a G-module given 
by the space of i^-invariants 

r^{Er) = {C^{G)^Vrf, 

where K acts on C°°{G) 0Vr by k.{f{x) ®v) = f{xk~^) 0T{k)v. and G acts 
on {C°°{G) (8) Vr)^ by left translations on the first factor. 

Consider the convolution algebra G^{G) of compactly supported smooth 
functions on G. Let K x K act on it by right and left translations and on 
Endc(K) by {ki, k2)T — t(/ci)Tt(A;^^). Then the space of invariants 



(C~(G)®Endc(l^r)) 
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is seen to be an algebra again and it acts on T°°{Er) = {C°°{G) ® K-) 
by convolution on the first factor and in the obvious way on the second. 
This describes all G-invariant smoothing operators on E^- which extend to 
all sections. G-invariant smoothing operators which not extend to all sections 
will be given by Schwartz kernels in 

iC^iG)®EndciVr)f'''' . 



Let n = 2m denote the real dimension of X and for < p, g < m let VL^''^{X) 
denote the space of smooth (p, g)-forms on X. The above calculus holds for 
the space of sections fiP'^(X). D.Barbasch and H. Moscovici have shown in 
j3] that the heat operator e"*'^'''' has a smooth kernel h^''^ of rapid decay in 

{C^{G) ® End(APp+ ® A-^P-))^^^. 

Now fix p and set for t > 

m 
q=0 

where tr means the trace in End(A'^p+ ® A''p_). 

We want to compute the trace of ff on the principal series representations. 
To this end let H = AB as above and let P denote a parabolic subgroup 
of G with Langlands decomposition P = MAN. Let W^) denote an 
irreducible unitary representation of M, a quasicharacter of A and set 
'n^^v = Indp{C, ® e'^'^fp ® 1), where Pp is the half of the sum of the P-positive 
roots. 

Let G denote the Casimir operator of G attached to the form B. 



Proposition 7.3.2 The trace of ff under vr^^j, vanishes if dim a > 1. // 
dim a = I it equals 

dim(p_) — 1 

^tn,,AC) J2 i-iy dim(iy5® APp+® A'?(a^np_))™, 

9=0 

where is the orthocomplement of a in p. 
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Proof: As before let a' be the span of all X — X'^, where X + X'^ e a, X e p+ 
then V = a © a' = V+ © V_ where V± = V n p±. The group Km = K n M 
acts trivially on o so for x e Km we have X + X'^ = Ad(a;)(X + X'^) = 
Ad{x)X + Ad{x)X'^. Since K respects the decomposition p = p_ © p_|_, we 
conclude that Km acts trivially on V, hence on V_. Let r = dim a = dim V_. 
As a KM-^odule we have 

A^'p_ = A''V_(8)A"Vf 

a+b=q 



E 

a+b=q 



A" Vf, 



where V:!: = a"*" fl p_. By definition we get 

/ m 



.9=0 

m 

^ e^nAC) dim(K^_^ ® APp+ ® A«p_)^ 

9=0 

By Frobenius reciprocity this equals 

m 

^u^AC) dim(W^^ ® APp+ ® A^p_) 

9=0 

m q 



KnM 



— e 



EE«(-i: 



9+1 



9=0 a=0 
in in 



r 

q — a 



dim(W^ A*'p+ (g) A-^Vf ) 



KnM 



tn tn / \ 

tnAC) Y Y ( ^ ) dim(W^^^ APp+ A"Vf ) 



a=0 9=a 

By taking into account a < m — r we get 



q=a 

and the claim follows. 



r 

q — a 



if r > 1, 



□ 



We will now combine this result with the computation of Casimir eigenvalues. 
This requires an analysis whether the homogeneous space M/ Km embedded 
into X = G/K inherits the complex structure or not. 
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Fix a ^-stable Cartan subgroup H — AB with dim (A) = 1 and a parabolic 
P = MAN. Fix a system of positive roots = $^(0, f)) in $(0, f)) such 
that for a e and a nonimaginary it follows a*^ e Further assume that 
0"*" is compatible with the choice of P, i.e., for any a e the restriction 
Q;|a is either zero or positive. Let p denote the half sum of positive roots. 
For ^ e M let e b* denote the infinitesimal character of ^. Recall that we 
have 

7:^0) = B{u) + B{X^)-B{p). 

Lemma 7.3.3 There exists a unique real root ar & ■ 

Proof: Recall that a root a G $(0, [)) is real if and only if it annihilates b = 
Liec{B). Hence the real roots are elements of a* which is one dimensional, 
so, if there were two positive real roots, one would be positive multiple of the 
other which is absurd. 

To the existence. We have that dim X — dim a+dim n is even, hence dim n is 
odd. Now n = ®Q0a, where the sum runs over all a E ^'^ with q;|o 7^ 0. The 
complex conjugation permutes the Qa and for any nonreal a we have {QaY 7^ 
Qa, hence the nonreal roots pair up, thus n can only be odd dimensional if 
there is a real root. □ 

Let c = c{H) denote the number of positive restricted roots in $(0, o). Let 
$+(0, o) denote the subset of positive restricted roots. 

Lemma 7.3.4 There are three possibilities: 

• c— 1 and ^"'■(a, q) — {ar}, 

• c = 2 and $"'"(a, q) = a^} and 

• c — 3 and $^(a, q) — {^cur, CKr, far}- 

Proof: For any root a G we have that 2B{a,ar)/B{ar) can only 

take the values 0, 1, 2, 3, so the only possible restricted roots in $"'"(a, g) are 

1 3 
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If e $+(a, 0) then there is a root (3 in $(l),g) with P\a — ^ar\a- Then 
B{ar, P) > hence rj = f3 — ar is a root. Since r)\a — jotr we get that then 
e $(a, 0). From this the claim follows. □ 

Recall that a central isogeny 99 : Li — >• L2 of Lie groups is a sm^jcctivc 
homomorphism with finite kernel which lies in the center of Li. 

Lemma 7.3.5 There is a central isogeny M1XM2 M such that the inverse 
image of Km is of the form Kmi x where Km^ is a maximal compact 
subgroup of Mj for j — 1, 2 and such that pM — pMi ® PM2 o,s Kmi x K Mi- 
module and 

• the map X 1— > [X, Xq^] induces a Km -isomorphism 

pMi = [pM,0a,.], 

• with pM2,± '■= pM2 n P± ^6 have 

PM2 — PM2,+ ® PM2,-- 

The latter point implies that the symmetric space M2/KM2, naturally embed- 
ded into G/K , inherits the complex structure. This in particular implies that 
M2 is orientation preserving. Further we have pMi H p+ = pMi H p_ = 0, 
which in turn implies that the symmetric space Mi / Kmi does not inherit the 
complex structure of G/K. 

Proof: At first we reduce the proof to the case that the center Z of G is 
trivial. So assume the proposition proved for G/Z then the covering Mi x 
M2 M is gotten by puUback from that of M/Z. Thus we may assume 
that G has trivial center. 

Let H he a, generator of ao. Write H = Y + Y'^ for some Y G p+. According 
to the root space decomposition q = o © © Pm © n © 6'(n) we write 
Y ^ Ya + Yk + Yp + Yn + le(n). Because of 0{Y) = -Y it follows ^ = 
and Yg(^n) = ~^(^n)- For arbitrary k G Km wc have Ad{k)Y — Y since 
Ad{k)H = H and the projection Pr+ is iTjv^-equivariant. Since the root space 
decomposition is stable under Km it follows Ad{K)Y^ = Y^. for * = a,p,n. 
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The group M has a compact Cartan, hence Km cannot act trivially on any 
nontrivial element of pM, so 1^ = and F„ G 0q,^. Since Y = Ya + Yn — 0(Yn) 
and F ^ a it follows that F„ 7^ 0, so generates Qar ^^^^ so Km acts trivially 
on g^r- 

Let pM2 C pM by definition be the kernel of the map X 1— [X, Yn] . Let pMi 
be its orthocomplement in pM- The group Km stabilizes Yn, so it follows that 
Km leaves pM2 stable hence the orthogonal decomposition pM — pMi © PM2 
is XM-stable. Thus the symmetric space M/Km decomposes into a product 
accordingly and so does the image of M in the group of isometrics of M / Km- 
It follows that the Lie algebra m of M splits as a direct sum of ideals m = 
trio © rrii © m2, where mo is the Lie algebra of the kernel Mq of the map 
M Iso{M/Km) = Ml X Ma- Let L = AM be the Levi component and let 
Lc denote the centralizer of o in the group lnt(0). Then L,. is a connected 
complex group and, since G has trivial center, L injects into L^. The Lie 
algebra [ of L resp. decomposes as / = a © mo © mi © m2 and so there 
is an isogeny A^ x Mq^c x Mi^^ x M2,c Lc- The group A injects into Ac 
and we have Ac — A x U where C/ is a compact one dimensional torus. Let 
Ml C M be the preimage of Mi and define M2 analogously. Then Mi and 
M2 are subgroups of Lc and we may define Mi to be the preimage of Mi in 
U X Mo^c X Mi^c smd M2 to be the preimage of M2 in M2,c- Then the map 
Ml X M2 — s> M is a central isogeny. 

By definition we already have pMi — [pM,dar]- Now let X e pM2, then 
[X, Y] = [X, Yn] + 9{[X, Yn]) = since Yn G Qa.- By [X, H] = this implies 
[X,y^] = and so [Pr±{X),H] = = [Pr±{X),Y] = [Pr±(X),y^] for Pr± 
denoting the projection p — > Hence Pr±{X) E pM2 which imphes 

PM2 = PM2,+ ®PM2,-- 

The lemma is proven. □ 
Let 

and define Ui^ and na^ analogously. Let n""" := ni„ © ns^ , then n = 
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Proposition 7.3.6 There is a KM-stable subspace n_ of xf"" such that as 
K M -'module n"'' = n_ © n~_, where ~. denotes the contragredient, and as Km- 
module: 

p_ = C©Pmi ©PA./2,- ©n_. 

Proof: The map a + p + n\^a + p + n — 6{n) induces a i^M-isomorphism 

a©pM©n = p. 

We now prove that there is a Kjvf-isomorphism = gar © [Pm, Qar]- For this 
let a ar he any root in such that a;|„ = a^la- Then B{a,ar) > 

and hence f3 := a — a,, is a root. The root /3 is imaginary. Assume (3 
is compact, then C 6m and we have [0^^,0/3] = Qar which contradicts 
[^M, Qar] = 0. It follows that P is noncompact and so C pM, which implies 

rXar = dar © [pA/,SaJ- 

Now the last lemma implies the assertion. □ 

We have M <— Mi x M2 and so any irreducible representation ,^ of M can 
be pulled back to Mi x M2 and be written as a tensor product ^ = ^1 ^2- 
Let ^ be irreducible admissible then Proposition 17.3.21 and Proposition 17.3.61 
imply 

tr n^Aft ) = e*"«-(^^ $^(-1)' dim {W^ © A«(Pmi © Pm,,- © n^))"^^^ . 

q>0 

For c > let 

A^n_ = 0a,^©r^ 

be a decomposition as Km ^ x ii'A/2-Kiodule of n_ where is an 
irreducible KM2-'^odu\e and is the image of the projection n"'' = n_ © 
n~_ n_ of an irreducible Mi-submodule of n"*^. Then we conclude 

trn^Mt) = e*"^^'^^^^ ^(-l)"+''+Mim (VF^, © A^Pa/^ © fT,')''"^ 

a,fe,c>0 i£/c 

X dim {W^, © A^PAf^,- © )'^*'^ . 

Fix an irreducible representation ^ = ■Ci © ^2 of M. Let ■C' •= 'Ci © '^2? where 
1^1 is the contragredient representation to ,^1. 
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We will use the following notation: For an irreducible representation vr we 
denote its infinitesimal character by At^. We will identify A,r to a correspond- 
ing element in the dual of a Cartan subalgebra (modulo the Weyl group), so 
that it makes sense to write an expression like B{An)- In the case of we 
have the following situation: either a'^ already extends to a representation 
of Ml or a^ © af does. In either case we write Ao-<? for the corresponding 
infinitesimal character with respect to the group Mi. 

Lemma 7.3.7 If ^ = ^' and ti7r^^^{f^) ^ for some t > then 

n^^^iC) = B{A^.) + B{Kc^,) + B{v) - B{p) 

for some c > and some i & Ic- Here e is the one dimensional representation 
of Km.2 such that e®e = A*°PpAf2- 

Proof: Generally we have 

T^UC) = B{K^^)-B{p) 

= B{A^) + B{u) - B{p) 

= B{A^,) + B{A^,) + B{iy)-B{p). 

Now tr 7r^^,^(/jP) ^ implies firstly 

^(-l)"^ dim {W^, (g) A"Pmi ® a^f''' ^ 

a>0 

for some c,i. Now either af already extends to an irreducible representation 
of Ml or a'^ © af does. In the second case we get 

dim {W^, © A-^Pmi © © ^f)f"" 

a>0 

= 2 Xl(-l)" dim {W^^ © A^Pm, © a^f"' ^ 0. 

a>0 

So in either case Lemma 17.2.11 implies 



B{A^,) - B{pM,) = UCm) = a^iCM) = B{A^c)-B{pm), 
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hence ^(A^J = B{A^c). 
Next tr 7r^^,^(/jP) 7^ implies 

for the same c, i. In that case with r = Lemma \7.2.2\ imphes 

6(CmJ = r ® eiCK,,J - B{pM,) + 
Since ^2(C*Af2) = — Bi^pMi) we conclude 

□ 

Along the same lines we get 

Lemma 7.3.8 If ^ is not isomorphic to ^' and tT7i^^^{f^) + ti-K^r^iylf^) 7^ 
for some t > then 

for some c > and some i E Ic- 

We abbreviate := B{A^c) + B{Ar^^e)- We have shown that if ^ = ^' then 
equals 

^t{Biu)-Bip)) J2 J2 e*^'"^ (-1)'^+''+^ dim {W^, ® A'^pAfi ® a^f''^ 

a,b,c>0 i&Ic 

X dim {W^, ® a'Pm,,- ® rf)"^"'^ . 

Define the Fourier transform of /° by 

Let 5* be the character group of B. According to M = Mi x M2 we can 
write B = Bi X B2 and so we see that any character b* of B decomposes as 
bl X 6*. Let 6*' := 6* x 6*. We get 
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Lemma 7.3.9 The sum of Fourier transforms 



f^Hi^,b*) + f?Hi^,b^ 



equals 



) 



K 



a,b,c>0 iGlc 



X dim (H* ® A^pM2 - ® T- 



) 



7.4 The global trace of the heat kernel 

Fix a discrete cocompact torsion-free subgroup F of G then the quotient 
Xr := F\X = T\G/ K is a non-euchdean Hermitian locally symmetric space. 

Since X is contractible and F acts freely on X the group F equals the fun- 
damental group of Xy-. Let (cj, Vuj) denote a finite dimensional unitary rep- 
resentation of F. 

D. Barbasch and H. Moscovici have shown in j3] that the function f^ satisfies 
the conditions to be plugged into the trace formula. So in order to compute 
tri?r,a;(/°) we have to compute the orbital integrals of /°. At first let h G 
G be a nonelliptic semisimple element. Since the trace of /° vanishes on 
principal series representations which do not come from splitrank one Cartan 
subgroups, we see that Oh{ft) = unless h E H, where if is a splitrank one 
Cartan. Write H = AB as before. We have h = anhh and since h is nonelliptic 
it follows that ah is regular in A. We say that h is split regular in H. We 
can choose a parabolic P = MAN such that ah lies in the negative Weyl 
chamber A~ . 

Let V denote a finite dimensional complex vector space and let A be an 
endomorphism of V. Let det{A) denote the determinant of A, which is the 
product over all eigenvalues of A with algebraic multiplicities. Let det'{A) 
be the product of all nonzero eigenvalues with algebraic multiplicities. 

In jSH], sec 17 Harish- Chandra has shown that for Hq & H 



Wh,{'Ff^{h))\h=h, 



c,,Cdet'(l-/^oi|(g/f))+)' 
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where (fl/f))'*' is the positive part of the root space decomposition of a com- 
patible ordering. Further Wh is the differential operator attached to h as 
follows. Let Qh denote the centrahzer of /i in g and let $"'"(0/1, f)) the positive 
roots then 

"^h = W Ha, 

where Ha is the element in f) dual to a via the bilinear form B. In comparison 
to other sources the formula above for the orbital integral lacks a factor [Gh '■ 
G^] which doesn't occur because of the choices of Haar measures made. We 
assume the ordering to come from an ordering of $(b, m) which is such that 
for the root space decomposition = © it holds pM2 H p^ = pMa,-- 
For short we will henceforth write Wh^^Fiho) instead of 'UJhoF{.^)\h=ho for any 
function F. 

Our results on the Fourier transform of /° together with a computation as 
in the proof of Lemma f2 . 3 . 61 implv that 'Fj^,{h) equals 

- -e'*^(^)det(l-/.-i|e+ ©p+J (-l)'^e*<tr(6,-Vr©^r)- 

c>0, iG/c 



'A.'Kt 



Note that this computation involves a summation over B* and thus we may 
replace erf by its dual erf without changing the result. 

Now let (r, V^) be a finite dimensional unitary representation of Km and 
define foib^B the monodromy factor: 

M . ^ ^,(det(l-&|(W|b)+)tr(r(&))) 
^ ' ' cc7fe(det(l-6|(m/b)+)) 

Note that the expression t:cf;,(det(l — 6|(m/b)~*")) equals 

\W{mb,b)\ H (pb,«)det'(l -6|(m/b)+), 

ae'I>^(m,fa) 

and that for 7 = a^6^ split-regular we have 
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so that writing L^{'y, r) = L^{h^, r) we get 



..-,(clot(l-^,,|(t,u/b) + )tr(r(^ 



\W{g„ f)) I n..*+ {P,, «)det'(l - 7| (m/b)+) " 
Prom the above it follows that vol(r^\G-y)0^(/°) equals: 

det(l-7|n) y^t ' 2^ ^ ^> ^ tnM^J^ 17,TJ. 

c>0, iG/c 

Note that here wc can replace af by erf. 

For a splitrank one Cartan H = AB and a parabolic P = MAN let Sp{r) 
denote the set of F-conjugacy classes [7] C F such that 7 is G-conjugate to 
an element of A~B, where A" is the negative Weyl chamber given by P. We 
have proven: 

Theorem 7.4.1 Let X-p be a compact locally Hermitian space with funda- 
mental group F and such that the universal covering is globally symmetric 
without compact factors. Assume F is neat and write Ap g ,^ for the Hodge 
Laplacian on (p, q)-forms with values in a the fiat Hermitian bundle E^, then 
it theta series defined by 

diin(^' Xp 



e{t) = J2 9(-l)''^^tr e 

q=0 



equals 



P,oon,UeeAT) 'det(l-7|n) ^Wt 

c>0, i&Ic 

+ft{e) dimu vol{Xr). 

The reader should keep in mind that by its definition we have for the term 
of the identity: 

dime X 

/°(e) dimuvol{Xr) = ?(-l)''"'tr r(e-*^°--), 

9=0 
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where tip is the F-trace. Further note that by the Plancherel theorem the 
Novikov-Shubin invariants of all operators Ao,ij are positive. 



7.5 The holomorphic torsion zeta function 

Now let X be Hermitian again and let r = ri (8> T2 be an irreducible repre- 
sentation of Km ^ Kmi X Km2- 



Theorem 7.5.1 Let F be neat and (a;, V^) a finite dimensional unitary repre- 
sentation ofT. Choose a 6 -stable Cartan H of splitrank one. For lie (s) » 
define the zeta function Zp^^{s) to be 

I ^ xAX,)tT (^(7))trri((6,)L*^^(7,r2) e^'^ . 
exp I 2^ _ 

Then Zp^^ has a meromorphic continuation to the entire plane. The van- 
ishing order of Zp^^{s) at s = A(ifi), \ G a* is (— l)*^™" times 



Note that in the special case M2 = 1 this function equals the Selberg zeta 
function. 



Proof: By Lemma [2. 1.11 the group M is orientation preserving an so are Mi 
and M2. Therefore the Euler-Poincare function f^^^ for the representation 
a exists. Further for M2 the function g^^ of Theorem 12.1.21 exists. We set 
ha(S)r{'m'i,m2) := f^^{mi)g^^{m2) and this function factors over M. Then 
for any function rj on M which is a product rj = r]i ^ ri2 on Mi x M2 we have 
for the orbital integrals: 

o'M = o'^i{vi)o'j[^^{v2). 

With this in mind it is straightforward to see that the proof of Theorem 17. 5. II 
proceeds as the proof of Theorem 15.1.11 with the Euler-Poincare function f^ 
replaced by the function h„,g,r- D 
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Extend the definition of Zp^^{s) to arbitrary virtual representations in tlie 
following way. Consider a finite dimensional virtual representation ^ = (BiaiTi 
with G Z and t,, G Km- Then let ^p,5,<^(s) = Hi 



Theorem 7.5.2 Assume T is neat, then for A >> we have the identity 

lime ^ 

n 



det(Ao,g,a; + A) 



9=0 



det(2)(Ao,,,^ + A) 



P/conj. c>0 ieic 

Proof: Consider Theorem 17.4.11 For any semipositive elliptic differential 
operator Dr the heat trace tr e"*'^'" has the same asymptotic as t — as the 
L^-heat trace trre~*^. Thus it follows that the function 

dime 

h{t) := g(-l)^+i(tre-*^o-'''- - trre-*^°^'--) 

q=0 

is rapidly decreasing at t = 0. Therefore, for A > the Mellin transform of 
h{t)e~^^ converges for any value of s and gives an entire function. Let 

r(s) Jo 

We get that 

f TT f det Ao,g,<^ + A 

exp(-C.(0)) = n 



q=0 V^^^ l^O,g,w 



A) 



On the other hand, Theorem 17.4.11 gives a second expression for Cx{s). In this 
second expression we are allowed to interchange integration and summation 
for A >> since we already know the convergence of the Euler products 
giving the right hand side of our claim. □ 

Let no be the order at A = of the left hand side of the last proposition. 
Then 

dimc{X) 
9=0 
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(2) 



where /io,g,w is the (0, g)-th Hodge number of Xr with respect to uj and /ig' 

is the L^-analogue. Conjecturally we have /^o^g^w = ^o,g,(^, so no = 0. For 
sphtrank one Cartan if, for c > and i G Jc we let 

np,c,i,^ := ord^^|^^|_^y^Zp,^c^^c^^(s) 
so np^c,i,uj equals (—1)'^'™" times 



q,u) 



for A (if) = |pp| + ^/s^. We then consider 

(-i)""p,< 

p c>o, ie/c 



c(xr,a;) = n n (2v^ 



We assemble the results of this section to 



Theorem 7.5.3 Let 



Zlo{s) = n n ^H,a-»T-,u^ [S + \pp\ + , 
H/conj. c>0 ie/c 

then extends to a meromorphic function on the plane. Let uq he the order 
of at zero then 



no = 

q=0 



J2 Qi-^y lho,,{Xr) - 42(^r; 



where ^p^g(Xr) is the {p, q)-th Hodge number of Xy and hf}q{XY) is the {p, q)- 
th L"^ -Hodge number of Xr- Let Ruj{s) = Z(^(s)s~""/c(Xr, cu) then 



-'-hoi l-^rj 

Proof: This follows from Theorem 17.5.21 □ 



Chapter 8 



The Lefschetz formula for a 
j9-adic group 

8.1 The trace formula 



Let F be a nonarchimedean local field with valuation ring O and uniformizer 
-07. Denote by G be a scmisimple linear algebraic group over F. Let K G Ghe 
a good maximal compact subgroup. Choose a parabolic subgroup P = LN of 
G with Levi component L. Let A denote the greatest split torus in the center 
of L. Then A is called the split component ol P. Let $ = ^(G, ^4) be the root 
system of the pair (G, A), i.e. $ consists of all homomorphisms a : A — > GLi 
such that there is X in the Lie algebra of G with Ad(a)X = a"X for every 
a G A. Given a, let Uq be the Lie algebra generated by all such X and let Na 
be the closed subgroup of corresponding to Uq,. Let = A) be the 
subset of $ consisting of all positive roots with respect to P. Let A C 
be the subset of simple roots. Let A~ C A be the set of all a e ^ such that 
|a°| < 1 for any a e A. 

There is a reductive subgroup M of L with compact center such that MA 
has finite index in L. We can assume that Km = M fl is a good maximal 
subgroup of Af . An element (7 of G is called elliptic if it is contained in a 
compact subgroup. Let Mgj; denote the set of elliptic elements in M . 

Let X*{A) = Hom(yl, GLi) be the group of all homomorphisms as algebraic 
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groups from A to GLi. This group is isomorphic to 7/ with r = dim A. 
Likewise let X^{A) — Hom(GLi, A). There is a natural Z- valued pairing 

X*{A) X X^{A) Hom(GLi, GLi) ^ Z 
{a,r)) I— > a or). 

For every root a G ^{A,G) C X*{A) let a e X^{A) be its coroot. Then 
(a, a) = 2. The valuation v oi F gives a group homomorphism GLi(F) Z. 
Let Ac be the unique maximal compact subgroup of A. Let T: — A/Ac, then 
E is a Z-lattice of rank r = dim A. By composing with the valuation v the 
group X*{A) can be identified with 

E* = Hom(E,Z). 

Let 

Oo = Hom(E,R) = X*(A)®R 

be the real vector space of all group homomorphisms from E to M and let 
o* = ® C = Hom(E, C) ^ X*{A) ® C. For a e A and A e o* let 

where g is the number of elements in the residue class field of F. In this way 
we get an identification 

aVil^E* - Hom(E,C><). 

A quasi character u : A —> is called unmmified if u is trivial on Ac- The set 
Hom(E, C^) can be identified with the set of unramified quasicharacters on A. 
Any unramified quasicharacter u can thus be given a unique real part Re (u) e 
Oq. This definition extends to not necessarily unramified quasicharacters 
X : ^ — > as follows. Choose a sphtting s : E — > A of the exact sequence 

l^Ac^A^E^l. 

Then i/ — x° s is an unramified character of A. Set 

Re(x) = Re(z/). 

This definition docs not depend on the choice of the splitting s. For qua- 
sicharacters X, x' and a e ^4 we will frequently write instead of x(a) and 
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flX+x' instead of x(a)x'(o.)- Note that the absolute value satisfies \a^\ = a^^^^"^ 
and that a quasicharacter x actually is a character if and only if Re(x) = 0. 

Let Ap : P —>■ R_|_ be the modular function of the group P. Then there is 
p G such that Ap(a) = |a^^|. For u E a* and a root a let 

= (zy,a) G X*(GLi)®C = C. 

Note that z/ G Oq implies z/^ G M for every a. For G Oq we say that z/ is 
positive, z/ > 0, if z/q > for every positive root a. 

Example. Let G = GL„(F) and let Wj G G be the diagonal matrix wj = 
diag(l, . . . , 1, tu, 1, . . . , 1) with the zu on the j-th position. Let u E a* and let 

Uj = u{wjA^ G C. 

Let a be a root, say a(diag(ai, . . . , a„)) = ^. Then 

Hence z/ G is positive if and only if z/i > z/2 > ■ ■ ■ > z/„. 

We will fix Haar-measures of G and its reductive subgroups as follows. For 
H G G being a torus there is a maximal compact subgroup Uh which is 
open and unique up to conjugation. Then we fix a Haar measure on H such 
that voI{Uh) = 1. li H is connected reductive with compact center then we 
choose the unique positive Haar-measure which up to sign coincides with the 
Euler-Poincare measure [SHI • So in the latter case our measure is determined 
by the following property: For any discrete torsionfree cocompact subgroup 
Th G H we have 

voKFhW) = (-i)^(^)x(rH,Q), 

where q{H) is the A;-rank of the derived group H^er and xO^h, Q) the Euler- 
Poincare characteristic of if*(rj^,Q). For the applications recall that cen- 
tralizers of tori in connected groups are connected jH]. 

Assume we are given a discrete subgroup F of G such that the quotient space 
r\G is compact. Let (cu, V^j) be a finite dimensional unitary representation 
of F and let L^(F\G, cu) be the Hilbert space consisting of all measurable 
functions f G such that /(7a;) = 07(7) /(a;) and |/| is square integrable 

over F\G (modulo null functions). Let R denote the unitary representation 
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of G on L'^(V\G,uj) defined by right shifts, i.e. R{g)(p{x) — (p{xg) for (p e 
L'^{T\G,uj). It is known that as a G-representation this space sphts as a 
topological direct sum: 

L\T\G,uj) = 0iVr,,(7r)7r 

TreG 

with finite multiplicities A^r,a;(7r) < oo. 

Let / be integrable over G, so / is in L}{G). The integral 

R{f) := / f{x)R{x) dx 
Jg 

defines an operator on the Hilbert space L'^{V\G,uj). 

For g & G and / any function on G we define the orbital integral 

Ogif) := / f{x-'gx) dx, 

JGg\G 

whenever the integral exists. Here Gg is the centralizer of g in G. It is known 
that the group Gg is unimodular, so we have an invariant measure on Gg\G. 

A function / on G or any of its closed subgroups is called smooth if it is 
locally constant. It is called uniformly smooth if there is an open subgroup 
U oi G such that / factors over U\G/U. This is in particular the case if / 
is smooth and compactly supported. 

Proposition 8.1.1 (Trace formula) 

Let f be integrable and uniformly smooth, then we have 

J^NrA^) tr7r(/) = tr^(7) vol(r^\G^) 

TreG [7] 

where the sum on the right hand side runs over the set ofT-conjugacy classes 
[7] in r and denotes the centralizer of in F. Both sides converge abso- 
lutely and the left hand side actually is a finite sum. 



SELBERG ZETA FUNCTIONS FOR SPACES OF HIGHER RANK 113 



Proof: At first fix a fundamental domain for r\G and let (p e L^(r\G', lo), 
then 



Rif) = / fiyMxy) dy 
Jg 

Jg 

= 5^ / f{x~^iy)'p{iy) dy 



7Gr 



T\G 



Yf{x ^iy)^{i) ] v{y) dy 



We want to show that the sum '^^^j- f{x^^jy)uj{'-f) converges in End(K;) 
absolutely and uniformly in x and y. Since y can be replaced by 7?/, 7 G F and 
since uj is unitary, we only have to show the convergence of ^^^p l/(^~^72/)l 
locally uniformly in y. Let 7 and r be in F and assume that x~^^y and 
x'^ry lie in the same class in G/U. Then it follows ryU fl 7yC/ 7^ so with 
V = yUy~^ we have ^~^tV HV ^ It is clear that V depends on y only up 
to U so to show locally uniform convergence in y it suffices to fix V. Since V 
is compact also = {vv'\v, v' e V} is compact and so F n is finite. This 
imphes that there are only finitely many 7 e F with fl F 7^ 0. Hence the 
map F — > G/U, 7 1— > x~^^yU is finite to one with fibers having < n elements 
for some natural number n. For y fixed modulo U we get 



J2\fi^~'^y)\ < f \f{x)\dx 



G/U 



vol(C/) 

We have shown the uniform convergence of the sum 

kfix,y) = Yf{x-^^y)u{^). 

-yer 

Observe that R{f) factors over L'^{T\G,uj)^ = L"^ {V\G / U , uj) , which is finite 
dimensional since F\G/t/ is a finite set. So R{f) acts on a finite dimensional 
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space and kf{x,y) is the matrix of this operator. We infer that R{f) is of 
trace class, its trace equals 

^iVr,^(7r) tr7r(/), 

ttGG 

and the sum is finite. Further, since kf{x,y) is the matrix of R{f) this trace 
also equals 




□ 



8.2 The covolume of a centralizer 

Suppose 7 G r is G-conjugate to some a^m^ G A^M^ii. We want to compute 
the covolume 

voi(r^\G^). 

An element x of G is called neat if for every representation p : G ^ GLn{F) 
of G the matrix p[x) has no eigenvalue which is a root of unity. A subset A 
of G is called neat if each element of it is. Every arithmetic F has a finite 
index subgroup which is neat 0. 

Lemma 8.2.1 Let x E G he neat and semisimple. Let Gx denote its cen- 
tralizer in G. Then for every k we have Gx = Gxk. 

Proof: Since G is linear algebraic it is a subgroup of some H = GL„(F), 
where F is an algebraic closure of F. If we can show the claim for H then 
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it follows for G as well since Gx = H^ H G. In if we can assume a: to be a 
diagonal matrix. Since x is neat this implies the claim. □ 

We suppose that F is neat. This implies that for any 7 G F the Zariski 
closure of the group generated by 7 is a torus. It then follows that G^ is a 
connected reductive group p. 

An element 7 G F is called primitive if 7 = a" with cr G F and n G N implies 
n = 1. It is a property of discrete cocompact torsion free subgroups F of G 
that every 7GF,77^1isa positive power of a unique primitive element. In 
other words, given a nontrivial 7 G F there exists a unique primitive 70 and 
a unique yu(7) G N such that 

7 = 7o ■ 

Let S be a group of finite cohomological dimension cdiTj) over Q. We write 

cd{S) 

= x(S,Q) := 5^(-irdimff^(S,Q), 

p=0 

for the Euler-Poincare characteristic. We also define the higher Euler char- 
acteristic as 

cd(S) 

= x.(S,Q) := 5^(-ir+Mndimi7^'(E,Q), 

for r = 1, 2, 3, . . . It is known that F has finite cohomological dimension over 
Q. 

We denote by £p{T) the set of all conjugacy classes [7] in 7 such that 7 is in 
G conjugate to an element a^m^ G AM, where is elliptic and G A~ . 

Let 7 G £p{T). To simplify the notation let's assume that 7 = a^m^ G 
A~Meii. Let C^ be the connected component of the center of G^ then C^ = 
AB^, where B^ is the connected center of M^^ the latter group will also be 
written as M^. Let M^'^'' be the derived group of M^. Then = M^'^'B^. 

Lemma 8.2.2 B^ is compact. 
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Proof: Since is elliptic there is a compact Cartan subgroup T of M 
containing m^. Since M modulo its center is a connected semisimple linear 
algebraic group it follows that T is a torus and therefore abelian. Therefore 
T C Mm^. Let b & B^. Then b commutes with every t & T, therefore b lies in 
the centralizer of T in M which equals T. So we have shown dT. □ 

Let r^^^ = A n V^B^ and T^^m = M^^"^ fl V.^AB^. Similar to the proof of 
Lemma 3.3 of |80j one shows that ^ and m are discrete cocompact 
subgroups of A and M^^"^ resp. Let 

vol(F^,^\A) = vol(F^\A5^). 

Proposition 8.2.3 Assume F neat and let 'j d T be G-conjugate to an ele- 
ment of A'^Meii. Then we get 

vol(F,\G,) = A, x„(F,), 

where r = dim A. If'j is a regular element of G, then (— ■)/^(T^^ = 1. 

Proof: The last sentence follows from the fact that if 7 is regular, then 
= B^. We normalize the volume of B^ to be 1. Then 

vol(F^\G^) = vol(F^\AM^) 

= vol(F^5^\AM^) 

The space r^B^\AMy is the total space of a fibration with fibre F^^^\yl and 
base space T^AB^\M^A = T^^mW^^^ Hence 

vol(F^5^\AM^) = vo1(F^,a\A)vo1(F^,m\M^"''). 
Since A^ = vol(F^^^\A) it remains to show 

vo1(f,,m\m^^-) = (-i)^x.(r,). 

We know that 

vol(F,,M\Mf'-) = (-1)<?(*^^);^(F,,m) = (-l)''(^)+^x(r,,M). 

So it remains to show that xO^-jm) ~ XriX-y)- The group F^^v/ is isomorphic 
to F^/S, where S = TdAB^ is isomorphic to Z*". So the proporsition follows 
from the next Lemma. 
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Lemma 8.2.4 Let T, A be of finite cohomological dimension over Q. Let Cr 
be a group isomorphic to U and assume there is an exact sequence 

l^Cr^V^K^l. 

Assume that Cr is central in V. Then 

x(A,Q) = x.(r,Q). 



Proof: We first consider the case r = 1. In this case we want to prove for 
every r, 

X.-i(A,Q) = x.(r,Q). 

For this consider the Hochschild-Serre spectral sequence: 

= HP{A,H%Ci, 

which abuts to 

HP+^{r,Q). 

Since Ci = Z it follows 



Q ifg = 0,l 
else. 



Since Ci is infinite cyclic and central it is an exercise to see that the spectral 
sequence degenerates at E2. Therefore, 



x.(r) = ^(-ip'-p'jdimi/^ir) 

= ^(-l)^+''r j(dimi/^(A) + dimi/^-^(A) 
= J](-l)^+'-p')dimi/J(A) 

j>r ^'"^ 

- J2 (-l)'^'P ^ ^) dimii'^(A). 

j>r-l \ ^ / 

Now replace p^^) by Q + (^;^^) to get the claim. For the general case write 
Cr = Ci ©C^, where Ci is cyclic and C^ = U^^ . Apply the above to C\ and 
iterate this to get the lemma and hence the proposition. □ 
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8.3 The Lefschetz formula 



For a representation vr of G let 7r°° denote the subrepresentation of smooth 
vectors, ie 7r°° is the representation on the space [Jh^^qT^^, where H ranges 
over the set of all open subgroups of G. Further let denote the Jacquet 
module of vr. By definition vr^v is the largest quotient MAA^-module of 7r°° 
on which N acts trivially. One can achieve this by factoring out the vector 
subspace consisting of all vectors of the form v — TT{n)v for v G tt°°, n E N . 
It is known that if tt is an irreducible admissible representation, then vr^r 
is a admissible MA-module of finite length. For a smooth M-module V let 
H'{M, V) denote the continuous cohomology with coefficients in V as in pT)] . 



Theorem 8.3.1 (Lefschetz Formula) 

Let r be a neat discrete cocompact subgroup ofG. Let ip be a uniformly smooth 
function on A with support in A" . Suppose that the function a h-> (y9(a)|a~^^| 
is integrable on A. Let a be a finite dimensional representation of M. Let q 
be the F-splitrank of G and r = dim A. Then 



dim M „ 



dim AI 

Lp{a) tr (a|if^(M, tin ® cr)) da 



equals 

J2 X,XriT^)tTuji^)traim,)ipia^)\al% 
h]€ep{r) 

Both outer sums converge absolutely and the sum over vr G G actually is 
a finite sum, ie, the summand is zero for all but finitely many vr. For a 
given compact open subgroup U of A both sides represent a continuous linear 
functional on the space of all functions ip as above which factor over A/U, 
where this space is equipped with the norm || ||= |v9(a)||a^^''| da. 



Let A* denote the set of all continuous group homomorphisms X: A ^ C^. 
For A G v4* and an A-module V let l^'^ denote the generalized A-eigenspace, 
ie, 

oo 

= \J{veV\{a-a^)''v = 0\/aeA}. 

k=l 
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Then 

/ ip{a)tT{a\H^{M,7rN<S)(T))da 
Ja- 

equals 

dim H^{M, 

For \ e A* define 

dimM 

a,ijj def 



The sum is always finite. 

On the other hand, for [7] G Sp{T) let 



Then the Theorem is equivalent to the following Corollary. 

Corollary 8.3.2 (Lefschetz Formula) 

As an identity of distributions on we have 

AeA* [7]e£-p{r) 

Proof of the Theorem: Let Jep be an Euler-Poincare function on M which 
is KM-central [221 . For m E M regular we have 

O^ifEp) = elliptic, 
1 otherwise. 

For g E G and a finite dimensional F vector space V on which g acts linearly 
let E{g\V) be the set of all absolute values where /x ranges over the 
eigenvalues of g in the algebraic closure F of F. Let Xmin{g\V) denote the 
minimum and Xmax{v\V) the maximum of E{g\V). For am G AM define 

,/ X def Amm(a n) 

A (am) 
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Note that \max{fn\&) is always > 1 and that A^aj;(m|0)A^i„(m|0) = 1. We 
will consider the set 

(AM)~ := {am e AM\X{am) > 1}. 

Let Meii denote the set of elliptic elements in M. 

Lemma 8.3.3 The set (AM)^ has the following properties: 

1. A-Meii C (AM)- 

2. am e (AM)- ^ a e A' 

3. am, a'm' e (^M)~, g eG with a'm' = gamg~^ =^ a = a',g e AM. 

Proof: The first two are immediate. For the third let am, a'm' G (AM)"" 
and g E G with a'm' — gamg'^. Observe that by the definition of (AM)~ 
we have 

> 

> 
> 

that is, any eigenvalue of am on n is strictly bigger than any eigenvalue on 
a + m + n. Since q = a + m + n + n and the same holds for a'm', which 
has the same eigenvalues as am, we infer that Ad{g)n — n. So g lies in the 
normahzer of n, which is P = MAN — NAM. Now suppose g — nmiai and 
m — mimm^^ then 

gamg"^ — namn"^ — am {am)~^n{am) n"^. 

Since this lies in AM we have {am)~^n{am) = n which since am e (AM)- 
implies n — 1. The lemma is proven. □ 

Let G act on itself by conjugation, write g.x = gxg~^, write G.x for the 
orbit, so G.x = {gxg^^\g e G} as well as G.S — {gsg~^\s & S,g & G} for 
any subset S of G. 



^min ( 


a|fi)Ami„(m|g) 


Amax 


{m\Qf \minim\Q 


Amax 


(m|0) 


Amax 


(m a + tn + n) 


Amax 


(am a + m + n) 
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Fix a smooth function 7] on N which has compact support, is positive, invari- 
ant under Km and satisfies ri{n)dn = 1. Extend the function (f from A~ to 
a conjugation invariant smooth function (f on AM such that (p{am) = if{a) 
whenever m is elhptic and such that there is a compact subset C C A'~ 
such that if is supported in CM fl (AM)^. This is clearly possible since the 
support of ip is compact. It follows that the function 

am I— > f Ep{m) ti a (m) (f (am) \a'^P\ 

is smooth and compactly supported on AM. Given these data let / = /,,,r,(p : 
i7 — >• C be defined by 

f (knma{kn)~^) := T]{n)fEp{'iTi) trcr(m) (^(am) |ci^''|, 

for k e K,n e N,m e M, a e A- . Further f{x) = if x is not in G.(AM)^. 

Lemma 8.3.4 The function f is well defined. 

Proof: By the decomposition G = KP = KNMA every element x G 
G.(y4M)~ can be written in the form knma{kn)~^ . Now suppose two such 
representations coincide, that is 

knmaikn)"^ = k'n'm' a' {k'n')^^ 

then by Lemma lO?^ we get {n'Y^{k'y^kn G MA, or {k')~^k G n'MAn''^ C 
MAN, hence {k')-^k e Kn MAN = KnM = Km- Write {k')-^k = kM 
and n" = kMnk^j, then it follows 

n"kMfnk~^a{n")~^ = n'm! a' {n')~^ . 

Again by Lemma fH.H.HI we conclude {n')^^n" G MA, hence n' = n" and so 

kMfnk~^la = m'a, 

which implies the well-definedness of /. □ 

We will plug / into the trace formula. For the geometric side let 7 G F. We 
have to calculate the orbital integral: 

0,if) = [ fix-'^x)dx. 
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by the definition of / it follows that 0^{f) = if 7 ^ ^.(AM)^. It remains 
to compute Oam{f) for am G (AM)~. Again by the definition of / it follows 

Oamif) = 0^{fEp)tTa{m)^iam)\a^P\ 

ti a{m) ^(a) \a^^\ if m is elliptic, 

otherwise. 

Here denotes the orbital integral in the group M. Recall that Proposition 
Essays 

voi(r,\G,) = (-i)''(^)+'^A,x.(r,), 

so that for 7 G SpiT), 

vol(r^\G^)0^(/) = (-l)''(^+^A^Xr.(r^)trorK)^(a^)|a2^|. 

To compute the spectral side let tt G G. We want to compute tr7r(/). Let 
be the locally integrable conjugation invariant function on G such that 



tr7r(/) = / f{x)Q^{x)dx. 



'G 

This function 0,^ is called the character of vr. It is known that the Jacquet 
module ttat is a finitely generated admissible module for the group MA and 
therefore it has a character Q^^^. In [CTHI it is shown that 



e^(ma) = ef/(ma) 



for ma G M^uA . 

Let hhe a. function in L}{G) which is supported in the set G.MA. Comparing 
invariant differential forms as in the proof of the Weyl integration formula 
one gets that the integral h{x) dx equals 

III h{y amy \(iei{l — am\xv + xi)\dy da dm ^ 
W[G, A)\ Jj^ Jm Jg/am 

where W{G, A) is the Weyl group of A in G. 

For a G A~ and m G M^u every eigenvalue of am on n is of absolute value 
< 1 and > 1 on n. By the ultrametric ptoperty this implies 

|det(l — am|n + fi)| = |det(l — am|n)| 

= |det(am|n)| 
= |det(a|fi)| 
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We apply this to h{x) = /(a;)0^(x) and use conjugation invariance of 9^ to 
get that tr7r(/) equals 



1 



\WiG,A)\ 
which is the same as 



fEp{^) trcr(m) (f{am) Q^^^{am) da dm, 

AM 



fspi'm) trcr(m) (p{am) 9^^ (am) da dm. 

A-M 

We recall the Weyl integration formula for M. Let {Hj)j be a maximal family 
of pairwise non-conjugate Cartan subgroups of M. Let Wj be the Weyl group 
of Hj in M. For h G Hj let Dj{h) = det(l — /i|m/f)j), where m and f)j are 
the Lie algebras of M and Hj resp. Then, for every h G L^{M), 

I h{m) dm = f f h{mxm~^) D j{x) dm dx 

where H^^ is the set of x G Hj which are regular in M. We fix a G A~ and 
apply this to h{m) = fEp{Tn)(p{am)tT a{m)Q^^^{am). Since (p is conjugation 
invariant we get for x G H'^a 



reg 

j ' 

Ol\h) = Ol\fEP)v{am)tTa{m)Qt'\ax). 

This is non-zero only if x is elliptic. If x is elliptic, then <^(ax) equals '^{a). 
So we can replace (p{ax) by ip{a) throughout. Thus tr7r(/) equals 

fEpi'm) ^{o) trcr(m) 9^^ (am) da dm. 

A-M 

The trace tr7r(/) therefore equals 

fEp{m) !f{a) 9^j^^CT(am) da dm. 

A-M 

We write H*{M, V) for the continuous cohomology of M with coefficients in 
the M-module V. By Theorem 2 in [HUj . 

dimM 

ti{7rM(^(r){fEp) = 5^ (-1)" dimi7,«(M,7r^®a). 

g=0 
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The cohomology groups H^{M, 7riv®c) are finite dimensional ^-modules and 



dim M 



The Lefschetz Theorem follows. □ 



8.4 Rationality of the zeta function 

We keep fixed a neat cocompact discrete subgroup F of G and a F-parabohc 
P — LN. But now we assume that the F-rank of P is one, ie, that dim A—1. 

Write £p{T) for the set of all [7] G Sp{r) such that 7 is primitive. Fix a 
unitary character x of ^- For a finite dimensional unitary representation 
(a;, K;) of F consider the infinite product 

[T]6f^(r) 

Theorem 8.4.1 The infinite product 

converges for \T\ small enough. The limit extends to a rational function in 
T. 

Proof: Formally at first we compute the logarithmic derivative as 

Z' Hi °° T^^-y 
/^(^) = - E ^.(r7)E tr^(7")traK)x(a^ 

^^''^'^''^ V h]GE-p{r) n=l ^ 

= - E Xi(r,)$]/,^tru;(7")traK)x(a!;). 
[7]ef^(r) n=i 

Since F is neat we have F-y = Tjn for all n e N, so 



p,a,x,u^ (T) ^ - J2 Xi(r7)^7o^tra;(7)tr(7(m^)x(a7). 
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This last expression equals the geometric side of the Lefschetz formula for 
the test function 

ip{a) = x{a)T'^- 

The Lefschetz formula implies that 

7' 

equals 

^ dim M „ 

(-iyiG)J2Nr,M f E (-1)^ / tr(a|//:(M,7r^®<7j) la^l^'lT^^'^) da. 

Decompose the A-module Hl{M, ttjv^ct^) into generalized eigenspaces under 
A. Clearly only that part of i?^(M, ttjv (8) cr^) survives on which A acts by 
unramified characters. Suppose this space splits as 

Aec 

where for A G C the space E\ is the generalized eigenspace to the character 
\a\^. Let m\ := dimc^'j^. Then the contribution of tt e G equals 

dimM 



f2 (-l)'Zl^A / |a|2H+^r^(»)-i da 



i=l AeC 



dimM 



i=l AgC n=l 

dim M 



i=l A€C ^ 

Since only finitely many tt G G contribute, it follows that Zp^^^^yZy^o-^^^i^ 
is a finite sum of functions of the form this implies that Zp^cf,x,uj is a 
rational function. The theorem follows. □ 



126 



Since dim A = 1 there is an isomorphism of topological groups ip: A ^ 
such that A~ is mapped to the set of all x G -F^ with |x| < 1. For a G A we 
will write \a\ for IV'I'^) I- This does not depend on the choice of ip. Every A G C 
thus gives a quasicharacter a ^-^ \a\^ and we can represent all unramified 
quasicharacters in this way. The proof of the theorem actually gives us: 

Proposition 8.4.2 For X E C let HI{M,t[n ® '^x)>^ denote the generalized 
\.\^-eigenspace of the A-action on Hl{M, ttn^o'^), then the (vanishing-) order 
of Zp^a^^^i^{q~^~'^^P^) in s = So equals 

dim M 

(_l).(«)+i^iVr,^(^) ^ {-iydunW,{M,nM®a^){-so). 

□ 

8.5 The divisor of the zeta function 

First we introduce some standard notation. A representation (p, V) on a 
complex vector space will be called algebraic if every vector f G is fixed 
by some compact open subgroup. Let Alg{G) be the category of algebraic 
representations (comp. |7]). 

The representation (p, V) is called admissible if for any compact open sub- 
group K <Z G the space of fixed vectors is finite dimensional. Let 
TCCaig{G) denote the full subcategory of Alg{G) consisting of all admissi- 
ble representations of finite length in Alg{G). 

In the following we will mix the representation theoretic notion with the 
module-theoretic notion, so V will be a G-module with x E G acting as 
V (-^ x.v. 

We introduce the setup of topological (continuous) representations. Let C{G) 
denote the category of continuous representations of G on locally convex, 
complete, Hausdorff topological vector spaces. The morphisms in C{G) are 
continuous linear G-maps. 

To any V G C{G) we can form V°°, the algebraic part, which is by definition 
the space of all vectors in V which have an open stabilizer. By the continuity 
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of the representation it follows that V°° is dense in V. The association 
V I— V°° gives an exact functor from C{G) to Alg{G). An object V G C{G) 
is called admissible if V°° is and so we define HCtop to be the full subcategory 
of C{G) consisting of all admissible representations of finite length. Let F be 
the functor: 

F : HCtop HCaig 

w ^ w°°. 

Let V be in HCaig then any W e HCtop with FW = V will be called a 
completion of V. 

ToV e Alg{G) let V* = Homciy, C) be the dual module and let V be the 
algebraic part of V*. II V is admissible we have that the natural map from 

y to y is an isomorphism. 

On the space C{G) of continuous maps from G to the complex numbers we 
have two actions of G, the left and the right action given by 

L{g)'^{x) := '^{g~^x) R{g)(p{x) := (p{xg), 

where g,xeG andipe C{G). For V e HCaig{G) let 

V-°° ■.^HomGiV,C{G)), 

where we take G-homomorphisms with respect to the right action, so V~°° is 
the space of all linear maps / from V to C{G) such that f{g.v*) = R{g)f{g*). 
Then V~°° becomes a G-module via the left translation: for a e V~°° we 
define g.a{v*) :— L{g)a{v*). We call the maximal completion of V. 

The next lemma and the next Proposition will justify this terminology. First 
observe that the topology of locally uniform convergence may be installed on 
V~°° to make it an element of C{G). By V ^-^ V~°° we then get a functor 

R '■ HCalg{G) — > HCtap{G). 

Lemma 8.5.1 We have ^ V. 

Proof: There is a natural map ^ : V \/^°° given by ^{v){v*){g) := 
v*{g~^.v)^ for V* E V and g E G. This map is clearly injective. To check 

surjectivity let a e {V~'^)°°, then the map V —>■ C, v* >—>■ a{v*){l) lies in V. 
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Since the natural map y ^ is an isomorphism, there is a f G K such that 
a{v*){l) = v*{v) for any v* e V, hence a{v*){g) = a{g.v*){l) = g-v*{v) = 
v*{g~^.v) = ^{v){v*){g), hence a = ^{v). □ 

It follows that the functor R maps 7iCaig{G) to TiCtopiG) and that FR = Id. 

Proposition 8.5.2 The functor R : TiCaigiG) — > TiCtopiG) is right adjoint 
to F ■ W ^ W°°. So forW e UCtopiG) and V e HCaig{G) we have a 
functorial isomorphism: 

HorUaigiFW, V) ^ HomtopiW, RV). 

Proof: We have a natural map 

Homtop{W,V-°°) ^ Hamaig{W°°,V) 
a I— > aj^oo. 

Since is dense in W this map is injective. For surjectivity we first 

construct a map ip : W (W°°)~°°. For this let W be the topological dual 
of W and for w' e W and w e W let 

i'w',w{x) '■— w'{x~^.w), X E G. 

The map w ^ ip,^yu gives an injection 

W ^ HomG{W',C{G)). 

Let ifi e FW, then ip factors over (FW)^ for some compact open subgroup 
K G G. But since (FW)^ = it follows that cp extends to W. The 
admissibihty imphes that (p is continuous there. So we get (FW) ^ W. 
The restriction then gives 

HomG{W',C{G)) HomG{{FW),G{G)). 

From this we get an injection 

^ (FW)-^, 
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which is continuous. Let ( : W°° ^ be a morphism in TiCaigiG). We get 

a(C) : W ^ {FW)-^ — > V'^, 

with a(C)|vK°° = C) i-G- the desired surjectivity. □ 

The Proposition especially implies that any completion oi V E TiCaigiG) 
injects into V~°° . This assertion is immediate for irreducible modules and 
follows generally by induction on the length. Thus the use of the term 'max- 
imal completion' is justified. 

Let now F denote a cocompact torsion-free discrete subgroup of G, let (w, Vui) 
be a finite dimensional unitary representation of F and let C(F\G, uj) denote 
the space of all continuous functions / from G to satisfying /(7a;) = 

For U,V e Alg{G) and p,q > let H'aiG,V) and Ext%^a{U,V) denote the 
differentiable cohomology and Ext-groups as in ^0], chap. X. 

The next theorem is a generalization of the classical duality theorem j34j . 

Theorem 8.5.3 (Higher Duality Theorem) LetV he a cocompact torsion-free 
discrete subgroup ofG and [u, V^) a finite dimensional unitary representation 
ofT, then for any V G HCaigiG): 

H'}{r,V-°° ^00) = H^a{G,Homc{C{r\G,Co)^,V)°°) 

- Exti,{Cir\G,ur,v). 

Proof: Let 

M := HomciV,C{G)(g)V^). 
Consider the action of G on M: 

l{g)a{v*){x) := a{g''^.v*){xg), 



It is clear that 

MKG) ^ y-00 ^ 
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Let M denote the algebraic part of M with respect to /. i.e. 



M 



Homc{V,CiG)®V^r 
hm HomK{V,C{G)®V^) 



K 



where K runs over the set of all compact open subgroups of G. 
The group F acts on M by 

7a(f*)(a;) := uj{;~^)a{y*){^x). 

This action commutes with 1{G). Now let C^iG) be the subcategory of C{G) 
consisting of smooth representations. This means that V G C{G) lies in 
C°°(G'), when = V. The inductive limit topology makes M an element 
of C°°{G X r). Let Ab denote the category of abelian groups. The functor 
C°°{G X r) —>■ Ab defined by taking G x F- invariants can be written as the 
composition of the functors -^''(r, .) and H^{G, .) in two different ways: 



c°^{G X r) 



c°°(r) 



Ab, 



giving rise to two spectral sequences: 




H^,iG,H'^{T,M)), 
HP{T,H',{G,M)), 



both abutting to H*{G xT,M). 



Lemma 8.5.4 The module M is {G,d)-acyclic and T-acyclic. 



When saying (G, (i)-acyclic we mean differentiable or strong acyclicity [TUj. 
For the discrete group F this notion coincides with usual acyclicity. 
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Proof: We show the G-acychcity first. We have 

Hl{G,M) = Hl{G,Hom{y,C{G)®LjD 
= Extl^^iV.CiG)'^ ®uj). 

By [lOj X 1.5 we know that C{G)^ is s-injective. Therefore Hl{G,M) = 
for g > as desired. 

For the F-acychcity we consider the standard resolution := {/ : F''"'"^ — 
M] with the differential d : ^ C^+^ given by 

9+1 

c(f (7o, • • • , Iq+i) = ^{-^yfho, • • • , 7i, • • • , Iq+l)- 

j=0 

The group F acts on by 

(7/)(7o, • • • , 7<7) = 7-/(7~So, • • • , 7"S<?)- 

Then if*(F, M) is the cohomology of the complex of F- invariants {C'^)^ . 

Choose an open set U C G such that (7f/)^gr is a locally finite open covering 
of G. Then there exists a locally constant partition of unity (p^)^gr such that 
suppp^ C 7?7 and Lyp^ = py^. Consider a cocycle / G {C'^)^, df = 0, q > 1. 
Let F e be defined by 

^(7o,---,7g-i)(a;) := ^ filo, ■ ■ ■ ,%-ul){x)p^{x), x E G. 

The sum is locally finite in x. A computation shows that F is F-invariant 
and that dF = (—1)''/. The lemma follows. □ 



By the lemma both our spectral sequences only live on the x-axis, ie, they 
only have a nonzero entry at {p, q) if g = 0. Since they have the same 
abutment, they agree. Hence 

HP{T,H\G,M)) = 'Ef 
= ^Ef 

= H^,{G,H'iT,M)). 
The first term is Hp{T, V'^ O V^). The last is 

H:^{G,Homc{V,C{r\G,uj)r). 
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Since V is of finite lengtfi we get an isomorpfiism as G-modules: 

Homc{V,C{T\G,u;)r = iVr,.(7r)i/omc(V^, 7r°°). 

TreG 

We now employ the following 

Lemma 8.5.5 Let V,W E HCaig, then as G-modules, 

HomciV, W)^ ^ HomciW, V)°°. 

Proof: We have a natural map Homc{V,W)^ — > Homc{W,V)°° given 
by dualizing: a i— > a. This map is injective. Iterating, we get a map 

Homc{V,W)°° Homc{W,V)^ ^ Homc{V,W)°°, and these maps are 
inverse to each other. □ 

Recall that C(r\G,uj)°° is a direct sum of irreducibles, each occurring with 
finite multiplicity. So every G-morphism joining C{r\G,uj)°° with a module 
of finite length will factor over a finite sum of irreducibles in C{r\G,u)'^. 
Therefore the above apphes to give 

HomciV, G{T\G,u;r) ^ Homc{G{T\G,ur ,V), 

where we additionally have used that the invariant integral puts C(r\G, u;)°° 
in duality with C(r\G, a;)°°. The theorem is proven. □ 



Let by a slight abuse of notation 7ra,x,so be the representation parabolically 
induced from axM''", i-e. the space of this representation consists of measur- 
able functions f : G ^ such that f{manx) = x(a)|a|*°"'"l''l(T(m)/(a;), / is 
square-integrable on K modulo functions vanishing on a set of measure zero. 

The next theorem is the Patterson conjecture as adapted to our situation. 



Theorem 8.5.6 Assume that the Weyl-group W{G, A) is non-trivial. The 
vanishing order of the function Zp^a;x,i^{Q~^~^^^) at s — sq is 



:-i)^(«)+^x.(r,7r- 
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if sq and 

(-l)''(«H^X,(r,7r-- 

if Sq = 0, where tt~^q is a certain extension of ti^^q with itself. 

Further we have that the usual Euler- characteristic x(r, T:~'^_gg ® cu) always 
vanishes. 

Proof: So far we know that the vanishing order of -^p,o-,x,w(?~*~^'''') at s = Sq 
equals 

dimM 

Note that H'^{M,ttn ^ (Jx)i-^o) = H'^{M, (ttjv ^ a^){-So)). 

Lemma 8.5.7 Let tt & G. If s ^ ~\p\) then A acts semisimply on (7rjv)(s). 
In any case the L-module ttjv has length at most 2. 

Proof: Suppose ttjv 0. Then there is an induced representation I — 
Indp{^ (g) 1) such that tt injects into /. Here ^ is an irreducible representation 
of L. Suppose A acts on ^ by the character /x. By the exactness of the Jacquet 
functor it follows that vrjv injects into In- It therefore suffices to show the 
assertion for induced representations of the form vr = /. These are given on 
spaces of locally constant functions / : G — > V^^^ such that f{lnx) = ^{l)f{x). 
The map ip : I —>■ V^, given by/i— >/(l)isa P-homomorphism. The group 
A acts on the image by and this defines an irreducible quotient of ttn- We 
will show that keiip gives an irreducible subrepresentation of tin on which A 
acts by a^^+^l''L Bruhat-Tits theory tells us that G splits into two P-double 
cosets G = P U PwP = P U PwN, where w is the nontrivial element of the 
Weyl-group W{G,A). Let / e ker'^. Then / vanishes in a neighborhood of 
1 and thus the integral f{wn) dn converges. (For this recall that by the 
Bruhat-decomposition P\G is the one point compactification of A^. Therefore 
/(I) = implies that the function n f{wn) has compact support.) This 
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f{wna)dn = a '''' f(wan)dn 

N J N 



integral defines a map {keTil))N V^. The group A acts as 

-2|p| 

Q-2|p| / f(^a~^wn)dn 
Jn 



JN 

The claim is now clear. □ 

To show the theorem consider the case s ^ —\p\- Then by semisimplicity it 
follows 

where a^so is the AM-module given by a^so{(^™) = \(^\'^°x{(^)'^{^)- Similar 
to|HI23lwe get that 

dim M 

J2 {-iydimH%A,H',{M,7Tr,^cx^s,)) 

q=0 

equals 

dim AM 

J2 q{-iy^'dimH'^{AM,7rN(^a^so). 
By [ini p.262 we know 



''Xso) 



Now recall that the functors {.)n and Indf.j^j^{. ® 1) are adjoint to each 
other, i.e. 

HomAM,dii-)N, •) = HomG4{.,Ind%A^{. ® 1)). 

This especially implies that Ind%j^fq{. ® 1) maps injectives to injectives and 
that {.)n maps projectives to projectives. Further they are both exact, hence 
preserve resolutions. It follows that for any q: 

Exf^M^^iifc)N,a^so) = Ext'}./n,Indfj^^{a^so)) 
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Therefore we have that the order ords=sgZp^„^^^^{q ^'''') equals 

dim AM 

TreG 9=0 
dim AM 

= Yl q{-ir'dimExtl,{C{r\G,ur,7r^,x,so-\p\) 

q=0 
dim AM 

9=0 

the last equality comes bv 18.5.31 

In the case s = —\p\ finally, one replaces A hj A"^ = f~^(2Z), the set of all 
a E A with even valuation. Then Tia,x,so-\p\ is replaced by Ind'22j^jj^{crxso)y 
which is the desired extension. □ 
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